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Abstract 

In this paper we define invariants of Hamiltonian group actions for 
central regular values of the moment map. The key hypotheses are that 
the moment map is proper and that the ambient manifold is symplectically 
aspherical. The invariants are based on the symplectic vortex equations. 
Applications include an existence theorem for relative periodic orbits, a 
computation for circle actions on a complex vector space, and a theorem 
about the relation betvireen the invariants introduced here and the Seiberg- 
Witten invariants of a product of a Riemann surface with a two-sphere. 
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1 Introduction 

In this paper we study the vortex equations with values in a symplectic manifold 
(Af, w). We assume that (M, w) is equipped with a Hamiltonian action by a 
compact Lie group G that is generated by an equivariant moment map 

H:M^ Q. 

The symplectic vortex equations have the form 

dxA{u)^Q, *FA+fi{u) = T. (1) 

Here P — > E is a principal G-bundle over a compact Riemann surface, u : 
P —> M is an equivariant smooth function, and A is a connection on P. To 
define the terms in we must fix a G-invariant almost complex structure 
on M, a Riemannian metric on E, and an element t S Z(g) in the center of 
the Lie algebra. The expression Bj^a denotes the nonlinear Cauchy-Riemann 
operator, twisted by the connection A, and * denotes the Hodge ^-operator 
on S. Equations were introduced in |£, 14, 25j. In the physics literature these 
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equations are known as gauged sigma models in the case where the target space 
M is a complex vector space. Special cases of the symplectic vortex equations 
include pseudoholomorphic curves in symplectic manifolds (G = {1}), the usual 
vortex equations over S (M = C with the standard S^-action Bradlow 
pairs (M = with the standard U(2)-action |3^), anti-self-dual instantons 
over a product S x 5* (M is the infinite dimensional space of SO(3)-connections 
over S and G is the gauge group) , and the Seiberg-Witten equations over E x S' 
(M is the space of pairs, each consisting of a connection on a line bundle L — > 5 
and a holomorphic section, and G is the gauge group of L) . In the present paper 
the symplectic manifold M is always finite dimensional. 

In the Kahler case the symplectic vortex equations admit an algebro geo- 
metric interpretation. For example, if M is a complex vector space then the 
map u defines a holomorphic section of a vector bundle over E and the solutions 
of (|l|) correspond to stable pairs. 

We impose the following conditions on the triple {M,uj,ii). 



(HI) The moment map /i is proper. 



(H2) There exists a (strongly) convex structure (/, J) on Af . This means 
that J is a G-invariant and a;-compatible almost complex structure on 
M, / : M ^ [0, oo) is a proper G-invariant function, and there exists a 
continuous function Z{g) — > R : r i— > c(r) such that 

f(.\ > r(^\ (V. V/(x), i;) + (V/„ V/(x), Jv) > 0, 

J[X)_C[T) =^ df{x)J{x)L^{^l{x)-T)>Q 

for every x e M , v G T^M, and r G ^(fl). Here V denotes the Levi-Civita 
connection of the metric (•, •) — u!{-, J-) and L^, : g ^ T^M denotes the 
infinitesimal action. 

(H3) The manifold {M, lo) is symplectically aspherical, i.e. 

v*uj = 



/S2 

for every smooth function w : 5^ — > M. 

Hypothesis {H2) is a natural generalization of the existence of a plurisubhar- 
monic function on noncompact symplectic manifolds |Q. Both hypotheses [HI) 
and {H2) are natural in the context of this paper and are needed to obtain 
any kind of compactness theorem for the solutions of (|l|). Hypothesis [Hi) 
constitutes a more severe restriction and should in the future be removed or 
weakened. It implies that M is noncompact whenever there exists a G-orbit 
of positive dimension. However, there are many interesting examples where all 
three hypotheses are satisfied, e.g. linear actions on C" with proper moment 
maps The three hypotheses together guarantee that the moduli space of 
gauge equivalence classes of solutions of (^ is compact. As a result one can use 
these moduli spaces to define invariants which are analogous to the Gromov- 
Witten invariants in the nonequivariant case. Let B G i/;p(Af;Z) denote the 
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equivariant homology class represented by the map u. Then the invariants take 
the form of a homomorphism 



whenever t is a central regular value of /i. This homomorphism takes integer 
values on integral cohomology classes whenever G acts freely on /^~^(t). It 
depends only on the component of r in the open set of central regular values. 
We emphasize that the complex structure on S is fixed in the definition of our 
invariant. There should be natural extensions which involve varying complex 
structures on the domain S and dispense with hypothesis {H3). However, the 
definition of the invariants in these cases will probably require a considerable 
amount of nontrivial analysis. For first steps in this direction see p5| , 

As a first application we establish the existence of relative periodic orbits 
for time dependent G- invariant Hamiltonian systems. This can be viewed as an 
equivariant version of a theorem of Gromov jlTt . 

Theorem A. Assume {HI — 3) and let r e Z{q) be a central regular value 
of ^ such that ii~^{t) ^ 0. Then every time- dependent 1-periodic G-invariant 
Hamiltonian system admits a contractible relative periodic orbit in /x^^(t). 

If G is abelian then the hypothesis that r is a regular value can be dropped 
and we obtain a contractible relative periodic orbit on every nonempty level 
set of fi. It is natural to conjecture that this should continue to hold under 
hypothesis (-ffl) only. Our proof of Theorem A follows closely Gromov's ar- 
gument in for the nonequi variant case. The pseudoholomorphic curves in 
Gromov's proof are replaced by the solutions of the perturbed symplectic vortex 
equations. 

In some cases the invariants can be computed explicitly. We carry out such 
a computation for linear circle actions on C". Suppose acts on C" with 
positive weights ii,...,£n and denote the correponding moment map by /if. 
Then there is only one nontrivial chamber for the regular values of fii and we 
denote by the invariant in this chamber. 



Theorem B. Let T, be a compact Riemann surface of genus g, d £ Z, = 

'si 



H2 (C"; Z) an integer, and c G Hgi(C^; Z) = Z the positive generator. Suppose 



that 

n 

m := "^{de^ + l-9)+9-l>0. 



Then 



In the case £^ = 1 and d > 2g — 2 this was proved by Bertram-Daskalopoulos- 
Wentworth Q . The proof of Theorem B involves the Atiyah-Singer index the- 
orem for families of Cauchy-Riemann operators. 
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Our invariants are related to the Seiberg-Witten invariants of certain four- 
manifolds. The key observation is that the symmetric product of a Riemann 
surface S can be interpreted as a symplectic quotient of the infinite dimen- 
sional space whose elements are pairs, each consisting of a connection and a 
holomorphic section of a line bundle L — > 5* of degree d. In this situation the 
symplectic vortex equations, with M replaced by the infinite dimensional space 
of which Sym''(S') is a quotient, are the Seiberg-Witten equations on S x S'. 
When d > 2gs — 2 one can write the symmetric product as a quotient of a 
finite dimensional symplectic manifold M^^s (called the vortex manifold of the 
pair (d, S)) by a Hamiltonian action with a moment map ^d,s which satis- 
fies {HI — 3). The following theorem relates the invariants of (Md^s, f^d,s) to 
the Seiberg-Witten invariants. It is a special case of a result for general ruled 
surfaces in [ pTf . 

Theorem C ([p7j). Let S be the Riemann sphere and Y, be a compact Riemann 
surface of genus g. Let d and k be nonnegative integers such that 

m := d{l - g) + {d + l)k > 0. 

Then 

<s"'""(c'")=SWex5(7m), 
where ^k,d denotes the spin'^- structure determined by k and d. Moreover, if 

k>2g ~ 2, 

then 

Combining Theorems B and C one can recover the computation of the Seiberg- 
Witten invariants of product ruled surfaces by Li-Liu |^ and Ohta-Ono |Q . 

It is also interesting to examine the relation between our invariants and the 
Gromov-Witten invariants of the symplectic quotient 

M M//G(r) := /i^^M/G 

whenever G acts freely on ii~^{t). Such a relation was established in |^ un- 
der the hypothesis that the quotient is monotone. Under this condition (and 
hypotheses {HI — 3)) it is shown in |l5| that there exists a surjective ring ho- 
momorphism 

(t>: H^{M) ^qR*{M) 
(with values in the quantum cohomology of the quotient) such that 

<r^(«) = GWf j,(0(a)) 

for every a G Hq{M) and every B G H2{M; Z), where B denotes the image of 
B under the homomorphism H2{M;Z) iJ^(A/;Z). The proof is based on 
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an adiabatic limit analysis which relates the solutions of the symplectic vortex 
equations in M to pseudoholomorphic curves in the symplectic quotient M. 
This analysis is analogous to the proof of the Atiyah-Floer conjecture in | pl] |. 

The present paper is organized as follows. In Section |^ we discuss the ba- 
sic properties of solutions to the symplectic vortex equations such as the energy 
identity, unique continuation, and apriori estimates under the convexity hypoth- 
esis {H2). Section ^ establishes the basic compactness and regularity theorems 
and Section ^ discusses the Fredholm theory. In Section || we establish the in- 
teger invariants under the hypothesis that G acts freely on /i^^(7-). Section || 
is of preparatory nature. In it we recall some background from [|7| about the 
equivariant Euler class of G-moduli problems. Section |^ establishes the rational 
invariants in the presence of finite isotropy and discusses some relations between 
the invariants. Theorems A, B, and C are proved in Sections |8[ |[ and Ap- 
pendix ^ establishes existence and uniqueness for a coupled Kazdan- Warner 
equation that appears in the proof of Theorem C. Appendix ^ gives a proof 
of the local slice theorem for gauge group actions in a form needed for the 
compactness and regularity results of Section 0. 



2 The geometry of symplectic vortices 

2.1 The vortex equations in a symplectic manifold 

Let (M, bj) be a (not necessarily compact) symplectic manifold and G be a 
compact Lie group which acts on M by symplectomorphisms. Let g = Lie(G) 
denote the Lie algebra and 

^ Vect(M,w) : C ^5 

denote the infinitesimal action. We assume that the action is Hamiltonian. 
This means that the action is generated by an equivariant map ^ : M g that 
satisfies 

for every ^ G g. Here (•, •) denotes an invariant inner product on g. The function 
/i is called a moment map for the action. 

Let P — > E be a principal G-bundle over a compact connected oriented 
Riemann surface (S, J53, dvols). We emphasise that the volume form and the 
complex structure on E arc fixed. Denote by Cq'{P, M) the space of equivariant 
functions u : P ^ M and by A{P) the space of connections on P. We think of 
A e A{P) as an equivariant Lie algebra valued 1-form on P which identifies the 
vertical tangent space with g. Its curvature is a 2-form Fa on E with values in 
the associated Lie algebra bundle 0p := P Xad 0. In this paper we study the 
following system of nonlinear first order partial differential equations, for pairs 
{u,A)eC^iP,M)xAiP), 

dj,A{u) = 0, *Fa + fJ.{u) = T. 
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Here T G Z{g) is an element in the centre of the Lie algebra, J'a{M, uj) denotes 
the space of G-invariant and w-tame almost complex structures on M, and 
J : E — > J'g{M,u}) is a smooth family of such almost complex structures. The 
space of such families of almost complex structures will be denoted by 

J := J{J:, M, ti) := Jg(M, w))- 

The covariant derivative of u with respect to the connection A is the 1-form 
dAU £ Q}{P,u*TM) given by 

cLau :— du + Xa{u). 

This 1-form is equivariant and horizontal and hence descends to a 1-form on S 
with values in u*TM/G. The family of almost complex structures J determines 
a G-invariant complex structure 

Ju{p) := J{Tr{p),u{p)) 

on the bundle u*TM ~> P and hence a complex structure on the bundle 
u*TM/G E, which will also be denoted by J„. The term i9j,a(u) denotes the 
(0, l)-part of this 1-form and so is a (0, l)-form on S with values in u*TM/G. 
Its lift to a 1-form on P with values in u*TM will also be denoted by i9j,a(u) 
and is given by 

Bj^Aiu) := - [dAU + J o dAU o J^) . 

The right hand side is well defined since d^w is horizontal. Namely, given a 
tangent vector v £ TpP, lift the vector J^dTT{p)v G T^(p)5] to TpP, and apply 
the linear map J{Tr{p),u{p))dAu{p) to the lift. The resulting vector in T^^^p^M 
is independent of the choice of the lift, because the 1-form dAU vanishes on 
vertical tangent vectors. Equations (|^) were introduced in |l^, They are 
a generalized form of the vortex equations. In the case of linear actions on C" 
they are known in the physics literature as gauged sigma models. 

Remark 2.1. The space Cq{P,M) x A{P) is an infinite dimensional Frechet 
manifold and admits a natural symplectic structure. The gauge group G{P) 
acts on this space by 

g*{u,A) = {g-^u,g-^dg + g-^Ag). 

This action is Hamiltonian and the function 

C^{P,M) X A{P) ^ C°=(E,0P) : {u,A) ^ *Fa + Ku) (2) 

is a moment map for this action (see [||). The space of solutions of (|l|) is 
invariant under the action of G{P)- The quotient can be interpreted as a sym- 
plectic quotient whenever the space of pairs {u, A) that satisfy dj^A{u) = is a 
symplectic submanifold of C^{P,M) x A{P). 
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2.2 Hamiltonian perturbations 

Le Cq{M) be the space of smooth G-invariant functions on M. A Hamilto- 
nian perturbation is a 1-form H € ri^{E, Cq{M)). One can think of iJ as a 
G-equivariant section of the vector bundle T*E x M — > E x M. The space of 
Hamiltonian perturbations will be denoted by 

H := W(S,M,w,^) := f^i(E, Cg'(M)). 

For H e H a.nd C e T,J: we write Hi; := H^{C) e C§'{M) and denote by 
Xh^ G Vect(Af, o;) the G-invariant Hamiltonian vector field of Hq, i.e. 

i{XH,)uJ^dH^. 

A Hamiltonian perturbation H E H and a section u G Cg' {P, M) determine a 
1-form Xh{u) £ n^{P,u*TM) given by 

This 1-form is equivariant and horizontal and so is 

d.H.Ai'^) ■= + Xh{u). 

Hence Xuiu) and dn.Aiu) descend to 1-forms on E with values in u*TM/G. 
We denote 

dj,HAu) ■■= {dH.A{u)f'^ = dj.A{u) + {XH{u)f^^ e n°j^{i:,u*TM/G) 
and replace by the perturbed equations 

dj,H,Aiu) = 0, *Fa + = T. (3) 

2.3 Energy 

Fix a central element r G an almost complex structure J G J7'(E, M, w, //), 

and a perturbation iJ G il"'^(E, Cg^(Af)). The energy of a pair {u,A) G 
Cg^(P, M) X AiP) is defined by 

E{u,A) + + - dvols. 

This functional is invariant under the action of the gauge group G{P)- Denote 
by [uj + T — fi] G H'^{Mq;'M.) the equivariant cohomology class determined by 
the symplectic form uj and the moment map ^J. — t (see [^), and denote by 
[u] G H2{Mq; Z) the homology class determined by u. More precisely, there is an 
equivariant classifying map 9 : P ^ EG and hence the map (m, 0) : P Mx EG 
descends to a map 

mg : E ^ Mq := M Xq EG. 
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The class [u] € H2 {Mq; Z) is defined as the pushforward of the fundamental class 
[S] under the map induced by ug- For every pair {u,A) G C^{P,M) x A{P) 
the cohomology pairing between the classes [w + r — //] and [u] is given by 

{[uj + T-pi],[u])= I {u*uj~d{n{u)~T,A)). 

This topological invariant appears in the following energy identity. Another 
ingredient in this formula is the curvature of the Hamiltonian connection H. 
Since S carries a volume form this curvature can be expressed as a function 
: S X Af R which is invariant under the G-action on M . It is defined by 
the formula 

nHdYo\T.:=d^H +]^{H AH] e n'^{E,C^{M)), 

where {•, •} denotes the Poisson bracket for functions on M. The Hofer norm 
of the curvature fin is defined by 

WflnW ■■= / I sup flH(z,x) - inf flH(z,x) ) dvol- 



}h\\ ■= / sup i}H{z,x) - inf ^h{z,x 
JYi \xeM ^eAf 



This quantity is independent of the volume form of S. The next proposition 
states the basic energy identity. The first term on the right is the L^-norm of 
the terms in equation (^), the second term is a topological invariant, and the 
last term is bounded by ||- 

Proposition 2.2. For every A G A{P) and every u G Cq{P, M), 

E{u,A) = j^{\dj,HA'^)\^ + \\*Fa + P^{u)-t\'^Ayo\^ 

+ {[uJ + T-^l],[u])+ nH{u) dYolT.. (4) 



In particular, E(u, A) < {[lo + t — /i], [u]) + for every solution of 

Proof. Choose a holomorphic coordinate chart (f) : U ^ S, where t/ C C is an 
open set, and let (p : U P he a lift of (j>, that is tt o = 0. Then u, A, and H 
are in local coordinates given by 

u'°'=:=wo^, 4>*A = ^ds + -^dt, <j)*H = Fds + Gdt 

where ^1^ : t/ g and F,G : [/ x A/ — > R. The puUback volume form on 
U is dvol^'^ = ds /\ dt for some function X : U ^ (0, 00) and the metric is 
X'^ids'^ + dt'^). Hence 

- X-^dsG-dtF + {F,G}), 

4>*Fa = (<9,* -9t$ + ds A di, 

^*dAU = {dsu^"" + X$ (u^"")) ds + {dtu^"" + (u^"")) dt, 

fdj^u) - \{ids- f°'^{s,t,u'°')idt), 
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where {F, G} := ljj{Xp, Xq) denotes the Poisson bracket on M, 

and J^°'^{s,t,x) :— J{(j){s^t)^x) for {s,t,x) G [/ x M. In the foUowing we shall 
drop the superscript "loc" . Then (^) have the form 



dsu + X<s>{u) + Xf{u) + J {dtu + X^!,{u) + Xg{u)) = 0, , . 

9,*-at$ + [$,*] + A2(^(u)-T) = 0, ^' 



The pullback of the energy integrand under (p : U S is given by eds A dt 
where e : U — > R is the function 

e ^\dsU + X^{u)+XF{u)f + ^\dtU + X^iu)+XG{u)f 

= i \dsu + X^{u) + Xf{u) + J{dtu + X^{u) + Xg{u))\^ 
+ y |A-2 (ds'f - 9t$ + *]) + fi{u) - rf + R. 
The remainder term R has the form 

R := Lj{dsU + X<s>{u) + XF{u),dtu + X^^{u) + XG{u)) 
-(9,*-9t$+[$,*],Ai(w)-T) 
= ujidsu, dtu) - ds iG{u) + {fi{u) - r, *)) + dt {F{u) + {fi{u) - r, $)) 
+ (9,G-atF + {F,G})ou. 

This proves (|). □ 
2.4 Unique continuation 

A solution {u,A) of (^) is called horizontal if dn.Aiu) = and ji[u) = t. 

Lemma 2.3. Let {u,A) be a solution of with H = 0. Then {u,A) is hori- 
zontal if and only if the homology class [u] G H2{Mq:'Z) is torsion. 

Proof. The "if" part follows from the energy identity. To prove the converse 
note that A is flat for every horizontal solution {u, A) of and hence, in the 
case H = 0, every equivariant cohomology class vanishes on [u] (see □ 

Lemma 2.4. Suppose u and A satisfy (Qj with H — Q. If dAU and fJ.{u) — r 
vanish to infinite order at some point po d P then {u, A) is horizontal. 

Proof. Replacing /z by /i — r we may assume that r = 0. Consider the equations 
in their local coordinate form (^). In the case H — they read 

Vs + Jvt — 0, K + }? pi{u) = 
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ior u : U ^ M and $, * : J7 ^ g, where Vs, Vt : U ~> u*TM and k : U ^ q are 
defined by 

Vs :^ dsu + Lu<^, vt:=dtu + Lu'^, k := - 9*$ + 

where Lx '■ Q T^M denotes the infinitesimal action given by Lxfj :— Xri{x). 
Let us denote 

\/a,sV ■= 9s?7+ [$,??], VA,tV ■= dtTj + [^,r]], 
for f : [/ ^ u*TM and r] : U ^ q. Then 

Va.sW* - yA,tVs = LuK. = -X^Lu^iiu) (6) 

Va.sLuV - LuVa,sV = '^v,Xr,{u), VA,tLur] - Lu'^A.tV ^'^vtXr,iu). (7) 
Since d^{u) = —L*^J we have 

VA,si^{u) ^ dii{u)vs ^ ~Llvt, Va^iK^) ^ dn(u)vt ^ Ll_Vs. (8) 
It follows from (|), (0), and (|) that 

VA.t (V^^tv, - VA,.wt) = {^t\^)Lu^i{u) + A2d/x(u)vt + A2V„,X^(„)(w). (9) 
Since = {Cx^J)( = (Vx^ J)C + JV^^r, - V/c^t,, we obtain 

Va^sJ = K.J + dsJ, "^Aj J ^KtJ + dt J, 
and hence, using the identity (V„^ J)wt — (Vt,^ J)ws, 

Va^sVs + VA,tVt = '^A^tiJVs) - VA^siJvt) 

- idtJ)vs-{dsJ)vt+X''JLu^iiu). (10) 
This gives rise to an inequality of the form 

|V4,s (Va,sWs 4- S7A,tVt)\ < ci {\vs \ + \dsVs \ + \dtVs \ + \n{u)\) . 
Moreover, by @, 

and, by the curvature identity 'VA,s'^A,t^ — '^A.t'^A.s^ = Rivs,vt)£, + V^Xk(u), 

Putting these three inequalities together we obtain 

Va,sVa,sWs + VA,t'^A,tVs\ < Ci {\vs\ + \dsVs\ + \dtv s\ + lAi(w)l) ■ 

11 



Moreover, 

where p € i}'^{M,2) is defined by (77,^(616)) := (V^i-'^r,, 6) (see Hence, 
by @ and (D, 

Va,sVa,sM(") + ^A.t'^A^tP-i^) = A^L*L„^(m) - 2p{vs,vt). 

Hence there exists a constant c such that 

|Aw,| <ci\v,\ + \d,v,\ + \dtv,\ + \p{u)\), \Ap{u)\ < €(1^^(^)1 + 11^.1). 

Hence it follows from Aronszajn's theorem that, if Vs and p(u) vanish to infinite 
order at a point in U and U is connected, then Vs and p{u) vanish idcnticaUy 
on U. □ 

Lemma 2.5. Suppose u and A satisfy ^) with H ~ 0. If there exists an open 
set U C P such that dAu{p) = and L^^^p^ : g — > T^(^p-^M is injective for every 
p then [u, A) is horizontal. 

Proof. By (^), Lu{p{u) — t) = in [/. Hence p{u) = r in [/ and hence, by 
Lemma 2.4, we have dAU = and p{u) = t. □ 

2.5 Convexity 

Definition 2.6. A convex structure on {M,uj,p) is a pair (/, J) where J G 
J^{M,uj) is a G-invariant to-compatible almost complex structure on M and 
/ : M — > [0, 00) is a smooth function satisfying the following conditions. 

(CI) / is G-invariant and proper. 

(C2) There exists a constant co > such that 

fix) > Co =^ (V^ V/(a;), + (Vj^ V/(x), JO > 

for every x G A/ and every ^ G T^M. Here V denotes the Levi-Civita 
connection of the metric (•, •) — Lli{-, J-). 

(C3) There exists a constant co > such that 

fix) > Co =^ dfix)Jix)Lxp(x) > 
for every x E M . 

The second hypothesis says that the upward gradient flow of f expands the metric 
outside of a sufficiently large compact set. It is sometimes useful to assume 
condition (C3) for all moment maps p — t. 
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(C3') There exists a continuous function Z{q) — > R : t i-^ co(t) such that 

f{^) > co(t) =^ df{x)Jix)L,{fi{x) - r) > 

for every r £ Z{q) and every x G M . 

A convex structure (/, J) that satisfies (C3') is called strongly convex. 

Lemma 2.7. Fix a homology class B £ H2{Mq]'L) and let {f,Jo) be a convex 
structure for (M, oj, ^ — t). Denote 

Mo:^{x(.M\f(x)<co}, 

where cq = Co(t) is chosen such that (C2) and (C3') are satisfied and 

/(x) > Co =^ \fi{x) - t| > ^^^^^y (11) 

iei P be a principal G-bundle over a compact Riemann surface S, suppose that 
J a J agrees with Jq outside Mq, and let H ^ TL be a Hamiltonian perturbation 
with support in Mq. Then every solution {u,A) of representing the class B 
satisfies u{P) C Mq. 

Proof. Assume without loss of generality that r = and continue the notation 
of the proof of Lemma 2.4. Since V/ is a G-invariant vector field we have 
[V/, X,j] = for every ?7 £ g and hence 

Va,.V/(u) = V„,V/(u), VA,tV/(ii) = V„,V/H. 

Let A := dg + df denote the standard Laplacian. If f{u) > cq then 

A/(u) - ds{Vf{u),v,)+dt{Vf{u),Vt) 

= {VA,syf{u),Vs) + (VA^tV/(u),t>t) + {Vf{u),VA^sVs + S/A,tVt) 

= {V^yf{u),Vs) + {V,,Vf{u),vt)+X^Wf{u),JKfi{u)) 
> {V,yf{u),v,) + {V^yf{u),vt). 



Here the third equality follows from and the last inequality from (C3). 
Now suppose, by contradiction, that m := maxp f o u > cq and choose a local 
coordinate chart as above near a point where f o u attains its maximum. Since 
/ o u is subharmonic it follows from the mean value inequality that f o u = m 
in a neighbourhood of this maximum. Hence the subset of P where f o u — m 
is open and closed, and hence f on = m. Hence, by (O), 



E{u,A)> I |/i(u)|^dvolE > Vol(E)inf l^oul^ > 

JE P 

Since U,h vanishes on the image of u, this contradicts the energy identity. □ 
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Example 2.8 (Q). Consider the linear action of a compact Lie group G on 
C" by a homomorphism p : G — > U(n) with proper moment map /ip ; C" —^ Q 
given by 

flp{x) := TTp 

where TTp :— p* : u(n) — > g is the dual operator of the Lie algebra homomorphism 
p : Q ^ u{n) with respect to the inner product {A,B) := trace(A*i?) on u(n). 
A strongly convex structure for p is the pair (/, J) with J = i and 

To see this note that Vf{x) = x and 

dJ{x)JL^{p.p{x) -t) = {p,p{x),fip{x) -r) 

Note that the pair (/, ?) with f{x) ~ |/i(a;)p/2 need not be a convex structure. 
An example is the action of on by (ti,t2) • (xi,X2) — {tiXi,t2X2). 

Example 2.9 (Contact boundaries). Suppose (M, w) is a compact sym- 
plectic manifold with boundary dM, equipped with a Hamiltonian G-action 
generated by a moment map p, : M ^ M.. Suppose that X G Vect(M) is a 
G-invariant vector field which points out on the boundary and satisfies 

Cxio=u;, Lu{X^,,X)>0 

near dM. Such a vector field gives rise to a convex structure as follows. Let 
(j)t denote the flow of X and choose a G-invariant w-compatible almost complex 
structure J on M such that 

dMx)J(.x) = JiMx))dMx), ujiXix), J{x)X{x)) = 1, 

and uo{X{x),J{x)v) = for x e dM, v e T^dM, and -e < t < 0. Then the 
function f : M R, defined by 

f{M^)) ■=t 

for X 6 dM and —£<t<{) defines a convex structure near dM. Its gradient is 
the vector field X and its covariant Hessian is half the identity. Moreover, the 
manifold can be extended by attaching a cylindrical end of the form dM x [0, oo) 
with the obvious extensions of the symplectic and almost complex structures to 
obtain a noncompact manifold as above. 

Example 2.10 (Convex fibrations). Let G and H be compact connected Lie 

groups with Lie angebras g = Lie(G) and f) — Lie(H). Let {M,uj) be a (not 
necessarily compact) symplectic manifold equipped with Hamiltonian action 
by both Lie groups G and H, generated by moment maps pQ : N ^ q and 
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/iH : -/V ^ f). We assume throughout that the action of G commutes with the 
action of H. This is equivalent to the condition 

for 5 £ G, /i £ H, and x G M . Let (5, a) be a compact symplectic manifold 
and TTs : (5 — > 5* be a principal H-bundle. We assume that Q is equipped with a 
connection B 6 A{Q) C i7^(Q,f)) with nonpositive curvature. This means that 
there exists a a-compatible almost complex structure Js G i7(<S', a) such that 

d7r(g)u;' = Jsrf7r(g)u; =^ {Fb{w,w'), M^)) < 0. (12) 

Then the manifold 

M := g XhM 

carries a symplectic form uj G f2^(Af) whose puUback under the projection 
TT : Q X M — > M is given by 

7r*ci; := tTjO; — d{B, fin) + Tr^a, 

where tti : Q x M ^ S and : Q x Af — > Af denote the obvious projections. 
A moment map /i : A/ — > g for the obvious G-action on M is given by 

for q ^ Q and a; G A/. Here [q, x] — [qh, h^^x] denotes the equivalence class of 
the pair (g, x) in Q x^M. Note that if is proper then so is fi. Note also that 
every H- invariant and w-compatible almost complex structure J G Jh(A^, w) 
induces an almost complex J G J{M ^ oj) which acts by Js on the horizontal 
subbundle and by J on the vertical subbundle of TM. If J is invariant under 
both G and H, then J in invariant under the G-action on M. 

Now suppose that (J, /) is a convex structure for the G-action on M (as in 



Definition 2.6). Suppose also that J and / are H-invariant. Then the above 



almost complex structure J and the function / : A^ ^ [0, oo) given by 

fi[q,x]) -.^fix) 

define a convex structure for the G-action on M. To see this, note that the 
gradient V/ is given by V/([g,x]) = [0, V/(a;)]. Let (j)t : M ^ M denote the 
(upward) gradient flow of /. Then the gradient flow of / is given by 

4>t{[q,x]) = [q,(pt{x)]- 

for g G Q and x G M. Hence d<j)t{[q,x])[w,£^] = [w, d(j)t{x)£]. In particular, the 
image of a horizontal tangent vector ■= [w, — (w){x)] under d(/)t([g, x]) is 
the horizontal vector 

it ■■= [w,-rB^(„)(0t(a:))] G T[,_0^(^)]Ai", 
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and so 

I6P = \dnsiq)w\^ + \dM^)YB,i^o)\'' - {FBiw,w'),M^)), 

where w' e TqQ satisfies dT:s{q)w' — JsdT:siq)w. Here we have used the fact 
that (jjt commutes with the action of H and so /ijj ° 4>t — Mh- It follows from 
the hypotheses on (J,/) that the function t i-^ \^t\ is nondecreasing whenever 
f{[q,(f>t{x)]) is sufficiently large. 

3 Compactness and Regularity 
3.1 Regularity 

The next theorem asserts that every weak solution of equations (|^) is gauge 
equivalent to a strong solution. For an integer £ > 1 we denote by 

the space of almost complex structures of class and by 

the space of Hamiltonian perturbations of class (see Section 
the vector space of G-equivariant C^-sections of the vector bundle T*I] x M — > 
E X M. For £ = oo we write —: J and 7^°° —: TL. Consider the symplectic 
fibre bundle 

M P Xg A/ ^ E 

with fibres diffeomorphic to M . There is a one-to-one correspondence between 
sections it : E — > M and G-equivariant functions u : P ^ M via 

uott{p) = [p,u{p)] 

for p € P. For a positive integer k and a constant p > 2 we denote by 
Wq^{P, M) the Banach manifold of all continuous G-equivariant functions u : 
P ^ M such that the corresponding section u : E A/ is of class W^'^ . 

Theorem 3.1. Fix a constant p > 2 and let I be either a positive integer or be 
equal to oo. Let J e j'^ and H e H^+K If u e wI^P{P,M) and A e A^'PiP) 
satisfy then there exists a gauge transformation g £ Q^'P{P) such that g^^u 
and g*A are of class W^'^^'P . For £ — oo this means that g^^u and g*A are 
smooth. 

Proof Let {u,A) e W^^p{Y.,P xq M) x A^^p{P) be a solution of (|). Assume 
first that there exists a smooth connection Aa G A{P) such that 

dX{A-A^) = 0. (13) 



2.2). ThusH^ is 
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Under this assumption we shall prove that the pair {u,A) is of class W^+^'P. 
Denote a := A - Aq G ^^'^(S, T*T, O qp). Then the first equation in ^ has 
the form 



dj,Aoiu)^~{X^iu)+XHiu)f'\ (14) 

where the (0, l)-part of the 1-form Xa{u) — Xh{u) on S with values in u*TM/G 
is understood with respect to J„. The second equation in and (^3|) together 
have the form 

dAoQ: ^ -Fao - ^[a Aa] + {t - fi{u))dvolj:, d\^a = Q. (15) 

We prove by induction that u and A are of class W'^'^ for every integer k < £+1. 
For k — 1 this holds by assumption. If u and A are of class W'^'P for some k < £ 
then, by (p^, d^ina and d^^a are of class ly'^''' and hence a is of class W'^'^^'P. 
Moreover, by ([l^), 9j^^„(m) is of class W^'^''' and the complex structure Ju on 
the bundle u*TM/G is also of class W'^^p. Hence u is of class W^'^+i^p (see ||, 
Proposition B.4.7]). This completes the induction. Hence the pair {u,A) is of 
class W^'^^'P, and is smooth in the case £ = oo. 

Thus we have proved the theorem under the assumption that A satisfies ( p^ 
for some smooth connection ^o- In general, it follows from the local slice the- 



orem (see Theorem B.l) that there exists a smooth connection Aq and a gauge 
transformation g G y^{P) such that 

d\{gUo -A)^0. 

Then g*A satisfies ( [T^ ) and hence the pair {g~^u, g* A) is of class W^^^'P, and 
is smooth in the case £ = oo. □ 



3.2 Compactness with bounded derivatives 

In this section we prove a compactness result for solutions of (^) with values in a 
fixed compact subset of M under the hypothesis that the first derivatives satisfy 
a uniform L°°-bound. We assume that uji, G ft^{AI) is a sequence of symplectic 
forms on M converging uniformly with all derivatives to a symplectic form uj and 
that : M —>■ Q is SL sequence of moment maps (corresponding to a sequence of 
Wjy-Hamiltonian G-actions on M) that converges uniformly with all derivatives 
to the moment map fi. We assume that agrees with lo and /i^ agrees with fj, 
outside of a compact set. We assume further that dvols.jy is a sequence of volume 
forms on E converging in the C°°-topology to dvols and Js.u is a sequence of 
complex structures on E converging in the C°°-topology to Je. 

Theorem 3.2. Let £ be either a positive integer or be equal to oo. Suppose that 

is a sequence such that Jy converges to J G J'^(T,,M,uj, n) in the C^-norm 
on every compact set, and that H^, converges to H G n'^+\E,M,uj,fi) in the 
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-norm on every compact set. Suppose further that 6 Z{q) converges 
to T. For every v let {u^,A^) e W^^{P,M) x A^'P{P) he a solution of (|; 
with (/i, Js, dvols, J, i/, r) replaced by {^ii^, J^.iy,dvol^,^, J^, H^,t^). Suppose 
that there exist a constant c > and a compact set K C M such that 

u^{P) C K, \\dA^Uiy\\^^<c 

for every v. Then there exists a sequence of gauge transformations g^, G Q'^'P{P) 
such that the sequence {g^^Ui^, g*Aij) has a -convergent subsequence. 

Lemma 3.3. Fix positive integers k and n, a real number p > 2, an open 
set U C C, and a compact subset K <Z U . Let Jn C I]j2nx2n dgj^Q^g ^/jg 
of complex structures on M^". Then for every constant cq > there exists 
a constant c — c{cq, K,U,n, k,p) > such that the following holds. If J & 
W^'P{U,Jn) satisfies 

\\J\\w'''P{U) — ''0 

then every function u G W^'^^'P{U,M?'^) satisfies the inequality 

^ c {\\dsu + Jdtu\\wk,p(u) + \\u\\wk,p(u) + \Mw^'°-(U)) ■ 

Proof. We argue by contradiction. Suppose that there exist sequences G 
W'''P{U,Jn) and G VF'=+1'P([/,]R2") such that 

ll>^i^llH'fc.p(C/) ^ Co, ||^fc+i,p(^) 00 

and 

||(9sUiy + Jvdtu,j\\-^k.p(jj-^ + ||ui^|lvy'«.p([/) + II'"!^llvFi'°°((7) — 

Passing to a subsequence, if necessary, we may assume that there is a complex 
structure Jq G W'^'P{U, Jn) such that Ji, converges to Jo in the weak W'^'P- 
topology and in the strong C°-topology. Choose a smooth cutoff function /3 : 
U —> [0, 1] with compact support such that P\k = 1 and define 

Vi, := Pu„. 

Then is bounded in W'^'P and W^'°° and it satisfies the identity 

dsVu + JodtVu = PidsUi, + J^dtUy) + {ds(3)u^ + (dtl3)J^u^ + (Jq - J^)dtv^. 
The eUiptic estimate for the operator dg + Jodt has the form 

Mw^+^-piU) ^ c (\\d,v + Jo9tw||vK'^,p(c/) + \\v\\w>'.P{u)) 
for some constant c > and every function v : U ^ M^" with compact support 
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(see for example [^3[ Proposition B.4.7]). Hence 

+ \\{dsl3)u^ + {dtl3)Ji,u,,\\^k,p(^u) 
+ \\{Jo ^ Ju)^tv^\\^rk,p|^lJ-f + \\'i'u\\w''-p{u} 

+ 11^0 ^ Ji^\\w'':P{U) ll^t^i^ IIl°°((7) 
+ ll^O ^ '^i^llL^(t/) ll^i^lllV''+i.P(;7) 

for every v. If v is sufficiently large then c' || Jq — Ji^\\l^{U) — 1/2 a-nd hence 

Il''^i/|ln/'t+i,p(c/) ^ 2c' ^||9sM,y + Jiy9tWjy||;yfc,p(y-) + ||^t,y||^yfc,p(^/^^ 
+ 4c'co ||9tt;z.||^3o([/) . 

This contradicts the fact that ||it^||^;;/fc+i,p^^-) diverges to oo. □ 
Proof of Theorem 3.L The proof consists of three steps. 

Step 1 Fix a constant p > 2 and a smooth reference connection Aq £ -^(P) ■ 
We may assume without loss of generality that the sequence Ay — is bounded 
in W^'P. 

Since Fa^ = [ti, — /i,y(ujy))dvolx;.i/ it follows from the assumptions that 

sup \\Fa^ 11^^ < oo. 

V 

Hence, by Uhlenbeck compactness |3^, there exists a sequence of gauge 
transformations G G^'^iP) such that the connections g*Ai, g A^'P{P) satisfy 
a uniform M^^^^'-bound. Replace the sequence (m^,A^) by {g~^Uy, g*Ay). 

Step 2 We may assume without loss of generality that A^, converges weakly 
in W^'P and strongly in to a connection A £ A^^^'P{P), that Ui, converges 
weakly in W^'^ and strongly in to a section u £ W^^''^{P,M), and that 

d*A{Ay-A) = 0. 



By Step 1, the sequence — Aq is bounded in W^'^ and, by assumption, the 
sequence is bounded in W^'P. Hence, by the theorems of Alaoglu and Rellich, 
we may assume, after passing to a subsequence if necessary, that A^ converges 
weakly in W^'^ and strongly in C*' to a connection Aoo £ A^'P{P), and Ui, con- 
verges weakly in W^'^ and strongly in to a section Uoo £ W^^'^(S, E). Since 
dj„,H^,A„ (uy) converges weakly in to Bj^h.a^ {uoo) and Fa„ converges weakly 



19 



in LP to Fa^ it follows that the limit (uoo,^oo) satisfies (^. By Theorem 3.1 
there exists a gauge transformation g G Q^'P{P) such that the pair 

iu,A) := {g^'^Uoo,g*Aoo) 

is of class W^'^^'P. Moreover, g*A^ converges weakly in W^'^ and strongly in 
to A and g^^Ui, converges weakly in W^'^ and strongly in to u. By the local 



slice theorem (Theorem B.l ), there exists a sequence of gauge transformations 
hi, such that 

d*^ih:g*A,-A)^0 

and 

lim \\hlg*A^ - A\\ = 0, sup \\hlg* A^ - A\\w^-p < ^- 

Passing to a subsequence, if necessary, we may assume that h^g* A^, converges 
weakly in the H^^'^-norm and strongly in the C'^-norm. The limit is necessarily 
equal to A. Moreover, the sequence is uniformly bounded in the W^'P-naim. 
Passing to a further subsequence we may assume that hi, converges weakly in 
W'^'P and strongly in W'^'P to a gauge tranformation h e Q^'P{P). This gauge 
transformation satisfies 

h*A^A 

and hence is of class M^^+^^p. It follows that h~^g~^Uy converges weakly in W^'^ 
and strongly in C° to h^^u. Now replace Ay by h1g*Ay, by h~^g~^u, and 
u by h~^u. 

Step 3 The sequence {u,^,Ai, — A) is bounded in W^~^^'P. 

We prove, by induction, that {u^, A^ — A) is bounded in W'''^ for 1 < < £ + 1. 
For k = 1 this was proved in Step 1. Let := A^ — A and assume, by induction, 
that the sequence (u^, a^) is bounded in W^'^ for some k ^ {\, ...,(.}. In local 
"/s,i/-holomorphic coordinates on E and local coordinates on M the equation 
dj„,H„,A^{uu) = has the form 

where Ai, — ^^ds + dt and Hi, — ds + Gi, dt. This local equation holds 
in an open set ?7 C C, the function : U ^ M^" takes values in an open set 
V C M^" , the function Ji, : [/ x ^ J'„ is of class (with a uniform C^-bound) , 
and the functions Fi,,Gi, : U x V ^ M. are of class C^+^ (with uniform C^+^- 
bounds). Since Ui, is uniformly bounded in W'^'P so is the complex structure 
U ^ Jn ■ s + it 1-^ Jy{s,t,Uy{s,t)). Moreover, the sequences : U ^ q 

are bounded in W'''^. Hence the sequence dgUi, + Ju{s,t,Uy)dtUu : U — * M^" 
is bounded in W^'^ . By assumption, the sequence : U ^ V \s bounded in 
Hence, by Lemma [3^, the sequence is bounded in W^^^'^ . Now, by 
Step 2, we have 

dAai, = -Fa - ^[a^, A a^] + [t^, - /x^('u^)) dvol^,^, d^a^ = 0. 
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Since the sequences and are bounded in H^'^'P it follows that dtACiv is 
bounded in W^'"'' and hence the sequence is bounded in W'^'^^-p. This com- 
pletes the induction. Hence, by Relhch's theorem, the sequence {u^,Ai,) has a 
C^-convergent subsequence. □ 



3.3 Bubbling 

The following theorem removes the hypothesis of a uniform bound on the 



first derivatives in Theorem 3.2. The manifold (M, w) is called symplectically 
aspherical if 

v*uj = 



/S2 

for every smooth map v : S'^ M . This implies that there is no nonconstant 
J-holomorphic sphere (for any almost complex structure on AI that is tamed 
by w). 

Theorem 3.4. Suppose that M is symplectically aspherical and fix a compact 
subset K C M . Let £ be either a positive integer or be equal to oo. Let uJu, fi^, 
dvols.jy, J^,v, Ju, Hi,, and be as in Theorem \3.^ . For every v let (u^, A^) G 
Wlf{P,M) X ^i'P(P) be a solution of with Js, dvols, J, i?, r) replaced 
by {jjLv, Jt.,v, dvols,!,, J^, H„, t^) such that 

u,{P) C K 

for every v and 

sup([wi, - [iy\, \uv\) < oo. (16) 

Then there exists sequence of gauge transformations gv G Q^'^{P) such that the 
sequence {g~^u,^, g*A,y) has a -convergent subsequence. 



Proof. By Theorem 3.2, it sufhces to prove that 

swp\\dA^Ui,\\^^ < (X). (17) 



Fix a constant p > 2. By Step 1 in the proof of Theorem 3.2, we may as- 
sume that the sequence A^, — satisfies a uniform ly^'^'-bound for some (and 
hence every) smooth connection A^. Now suppose, by contradiction, that the 
sequence Hdyi^Ui/ll^oo is unbounded. Passing to a subsequence, if necessary, we 
may assume that this sequence diverges to oo. Choose a sequence G P such 
that 

Cv \dA^u,,{p„)\ = \\dA^Ui,\\j^^ oo. 

Passing to a subsequence, we may assume without loss of generality that con- 
verges. Let Poo '■= lim,y^ooPi/ and Zrx, '■= t^{Poo)- Choose a convergent sequence 
of local Js y-holomorphic coordinates s + it on near z^o and lift these to a 
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convergent sequence of local sections of P that pass at the origin through poo- 
In this local frame equations (||) have the form 

Now consider the rescaled sequence 

v,,{s,t) -.^ u^{eiyS,e,,t), := — . 

This sequence satisfies 

dgVi, + Ji,{ei,s,e^t,Vi,)dtVi, = -£1,^1,, 

where 

:= Xq,^(^^^s^^^f){v„) + XF^{e^s,e„t,v^) 

The sequences and ^'^ satisfy uniform VF^'^-bounds and, by construction, 
the sequence satisfies a uniform bound on every compact set. Hence 

the sequence Wi, satisfies a uniform W^^'^-bound on every compact set. By 
Lemma B.3, the sequence v^, satisfies a uniform W^^'^-bound on every compact 
set. It follows that v^, has a subsequence which converges strongly in on every 
compact set. The limit is a nonconstant pseudo-holomorphic curve v : C ^ K 
with respect to the almost complex structure Joo ■— J{zqo, •)• We prove that it 
has finite energy. To see this note that, for every i? > 0, 

Eiv; Bii) 

Br 



= lim / \dsu„ + X,s>^^{uty) + XF,{s,t,Ut,)\j (^^^ ^ 
< lim sup E^{u,y, A^). 



By ( |l6[ ) and the energy identity in Proposition p.2| , the sequence E{ui,,A^) is 
bounded. Hence v has finite energy, and hence, by the removable singularity 
theorem (see for example 23, Theorem 4.2.1]), it extends to a nonconstant 
Joo-holomorphic sphere in K. Since M is symplectically aspherical such a Joo- 
holomorphic sphere does not exist. This contradiction proves (ITh. □ 



Combining Theorem 3.4 with the apriori estimate of Lemma we obtain 
the following compactness result for the moduli space of solutions of (H). 
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Corollary 3.5. Suppose {AI,Lu,fi) is symplectically aspherical and admits a 
strongly convex structure (/, Jo) os in Section [^.4 Let £ be either a positive 
integer or be equal to 00. Let oj^, fi^, dvol^.i/, Jt,,u, Jv, Hv, and be as in 
Theorem 3.L Let cq : Z{q) — > (0, 00) be as in {C3'), suppose that ( |J]| j holds 
with Co — co(t), that each agrees with Jq outside of the compact set 

Mo:={xeM\f{x)<coiT) + l}, 

and that each Hamiltonian H^, is supported in Mq. Then, for every sequence 
{u^,Ai^) of W^''^ -solutions of with the tuple {/i, J^, dvo\^, J, H,t) replaced 
by (//^, Je,i/, dvols,;y, Ji/, Hi,, t^,), such that u^, represents a fixed equivariant ho- 
mology class there exists a sequence of gauge transformations gi, G Q'^'^(P) such 
that [g^^Uy, g*Ai/) has a -convergent subsequence. 



Proof. B y Le mma 2.7, Uu{P) C Mq for every v. Hence the result follows from 
Theorem O with if = Mo . □ 



4 Fredholm theory 

Fix a symplectic 2n-manifold (A/, uj) with a Hamiltonian G-action and moment 
map /X : M — > g, a compact Riemann surface (E, Js, dvols), an almost complex 
structure J ^ J , & Hamiltonian perturbation if S 7i, an equivariant homology 
class B e P[2{Mq\1), and a principal G-bundle P ^ E whose characteristic 
class [P] G _ff2(BG; Z) is the image of B under the honiomorphism H2{Mq; Z) 
//2(BG;Z). In this section we examine the moduli space 

:= {(w, A) e W^'P{P, M) X A^'P{P) I {u, A) satisfy (|), [u] = sj . 

The quotient by the action of the gauge group will be denoted by 

Mb.i: := Xb,s(t; J, H) := Mb,i:{t; J, H)/g^^PiP). 

In this section we prove that, for a generic Hamiltonian perturbation, the sub- 
space Aig y: of irreducible solutions is a finite dimensional manifold. 



4.1 Regular and irreducible solutions 



Let J ^ J and H Eli. (see Sections and |3.l| for the notation). We denote 
by Gx '.— {.g e G I gx — x} the isotopy subgroup of x e M. 

Definition 4.1. A solution {u,A) e Wlf{P,M) x A^-p{P) of ^ is called 
regular if 

dAV = 0, L^r] = =^ ?7 = (18) 

for every 77 G W'^''''{^, 9p)- P called irreducible if there exists a point p ^ P 
such that 



Gu{p) = {11}, 



imL„(p) n ini JL, 



{0}. 
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Note that every irreducible solution is regular. Note also that an element 
r S Z{g) is a regular value of the restriction of the moment map 

W^P(P,M) X ^i-P(P) ^ LP(E,0p) : {u,A) ^ *Fa + Ku) 

to the space of pairs {u, A) such that dj,H,A{u) = and [u] — B ii and only if 
every pair {u,A) G A^b,e(t; J,H) is regular. The next lemma shows that, if r 
is a regular value of ^ then regularity can be achieved by choosing a Riemann 
surface with large volume. 

Lemma 4.2. Let r £ Z{2)- 

(i) If T is a regular value of fi then there exists a constant 5 > with the 
following significance. If B, S, and H satisfy 

{[uJ + T-^i],B) + \\^_Hl^^ ^^g^ 



Vol(S) 

then every solution (u, A) of (for every J £ J'^) with [u\ = B is regular. 

(ii) // G acts freely on ^~^{t) then there exists a constant 5 > with the 
following significance. If B, E, and H satisfy (jJ^ then every solution {u, A) 
of (Q) (for every J G J'^) with [u] = B is irreducible. 

Proof. Choose 6 > such that 

- < S =^ keTL^ = {0}. 

Let {u,A) e Wlf{P,M) X A^'PiP), be a solution of (|) such that [u] = B. 
Then, by Proposition |2.2| , we have 

inf - < ^ / ImH - dvols 

peP Vol(I]) 7s 



< 

< 
< 



E{u,A) 
Vol(E) 

([co + T-A^],B) + 
Vol(E) 



The last inequality follows from ( p^ ) . Hence there exists a point po G P such that 
|/i(M(po)) — < <5 and so, by definiton of (5, the linear map Lu(pg) : Tu(pg)M 
is injective. Now suppose that 77 G M^^'P(E,gp) satisfies 

dAV = 0, L„?7 = 0. 

Then 77(^0) = and hence 77 = 0. This proves (i). To prove (ii) choose 5 > Q 
such that 

\fi{x)-T\^<S => G^ = {1}, imL^nimJ{z,x)L^^{0} 
for all (z, x) E Y, X M and argue as in the proof of (i). □ 
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Given t G Z{g) and (J, H) E J^xH, we denote the set of irreducible solutions 
of {§ by 

■^B,E M*b^^{M,uj,^,t;J,H) := A) G Xb,e | (w, A) is irreduciblej 

and the quotient space by 

M*B,^ ■.= M*B,AM.Lo,ii,T-J,H) ■.= M*B^^{M,u,ti,T-J,H)/g^^^\P). 

Remark 4.3. The regularity criterion of Lem ma |4.2| is useful in certain situa- 
tions (e.g. for the adiabatic limit argument in |15[). However, the condition is 
rather restrictive and in many cases the solutions are regular under much more 
general hypotheses. For example, in the case of linear torus actions, one can 
consider the element tq G g defined by 

for A G A{P). This element is independent of the connection A. Suppose M = 
C" and G is abelian and acts linearly on M . If G and acts freely (respectively 
with finite isotropy) on ^~^{to) then the gauge group acts freely (respectively 
with finite isotropy) on the space of solutions of (^ for every Hamiltonian 
perturbation. To see this note that, for every subgroup H C G, the set 

:= {a; G Af |H C G:^} 

is a linear subspace of M = C" and so ii{M^) is a closed convex cone. Applying 
this to the subgroup 

H := Pi G„(p), 
peP 

where *Fa + fJ-iu) ~ t, we find that 

1 



To = 



Vol(E) 



/i(w)dvols G ^J.{M"). 



Hence, if G acts freely on /^"^(tq), it follows that H = {1} and, if tq is a regular 
value of /i, it follows that H is finite. Since H is isomorphic to the isotropy 
subgroup of the pair (w. A), this proves the claim. 



4.2 The linearized operator 
Cauchy-Riemann operators 

Fix an almost complex structure J E J and a Hamiltonian perturbation H EH,. 
We begin with a discussion of the Cauchy-Riemann operator on the vector bun- 
dle u*TM/G S associated to a pair (u, A) G C^{P, M) x A{P). This 
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operator will be denoted by Du,a '■ C°°(I], ri°'^(E, It is obtained by 

differentiating the first equation in with respect to u and is given by 

DuA^ = (Vh.aO°'' ~ \j{'^^J)d.lHAu) (21) 

for ^ e C°°(E,£'k). Here V denotes the Levi-Civita connection of the metric 
J-) on ill. Since J depends on the basepoint z G E so does the connection 
V. The connection 'S/h,a on Eu is given by 

VH,Ae = Ve + VeXH,A(w), (22) 

where the 1-form Xh,a ■ TP Vcct(Af, uj) is given by 

for V e TpP. 

Remark 4.4. In conformal coordinates s + it on E the connection Vh,a has 
the form 

Here 17 C C is an open set, u : ^ Af is a smooth function, V denotes the 
Levi-Civita connection of the metric (•, •)s,t = Js,f), and 

A ^ <P ds + ^ dt, H = Fds + Gdt 

where : — > g and F,G : ilxM ~> E.. Thus the Cauchy-Riemann operator 
has the form 

DuM=liCds + J^'dt), 

where 

C = "^H^A + J^H,A,ti - -J{V^J){vs - Jvt) 

and 

Vs := dsU + + Xf(u), := dtu + L^^ + Xaiu). 

The covariant derivatives of J = J{s,t,u{s,t)) with respect to the connection 
Vh.a are given by 

^H,A,sJ = Vy^J + dsJ - CxpJ, VH,A,tJ = ^vtJ + dt J - CxgJ- 

Remark 4.5. We obtain a Hermitian connection Vh.a on u*TM by the formula 

The complex linear part of Du.a is given by ^ i-^ (Sh.aCP'^ and, moreover, 

A,Ae = (Vff,AO°'' + Jiv(e,9x,/,A(«)) + i(J(/:x„ J - j)it'^ 



(see flS)). Here 

iv(Ci,C2) = 2j(Vj,j)ei- j(V5,j)6 

denotes the Nijenhuis tensor oi J — Jz- 
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An abstract setting 

Consider the infinite dimensional Banach manifold 

B := B'^-P := W^g'^(P,M) x A'^'PiP). 

The tangent space of B at {u, A) E B is given by 

T(^^^A)13 = W^^'Pi^, Eu) X W'^'J'iY., r*E 0p), u*TM/G. 

The almost complex structure J E J determines a complex structure Ju on E^ 
and hence a vector bundle E — E^^^'V -h, B with fibres 

The action of the gauge group Q^'P{P) on B lifts to an action on £. For every 
Hamiltonian perturbation H <E H there is a C/^'P(P)-equivariant section 

given by 

The space Mb.^{M, uj, /i, r; J, H) is the zero set of this section. 
The linearized operator 

The vertical differential of at a zero {u, A) gives rise to an operator 
given by 

T^u.A M = - . (23) 

^ ^ \ + *dAa J 

Here the linear map L^: : g T^M is given by the infinitesmal action, i.e. 

for X e M and G g, and : T^Af g denotes its dual operator with respect 
to the given invariant inner product on g and the inner product w(-, J(z, a;)-) on 
TxM. Note that this inner product, in general, depends both on x G M and on 
the point z G S. 

Proposition 4.6. Assume J ej^ andH e n^+^ and let ke{l,.. .J+l} and 
p>2. Then the operator V^^a ■ T^u,a)B'''P £t~^'P © W'''^'P{^,2p), defined 
by (pi^, is a Fredholm operator for every pair (u,A) G B^'P . It has real index 

index2?„,A = {n- dimG)x(S) + 2(cf (TAf), [u]), 

where cf{TM) G H'^{Mg;Z) denotes the first Ch em class of the vertical tangent 
bundle TM Xg EG Af Xq EG = Mq. 
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Proof. The operator 



has index — x(E)dimG and, by the Ricmann-Roch theorem, the Cauchy-Rie- 
mann operator D^^a '■ C°°{'S,Eu) — > ri°'^(S, has index + 2ci(£^„), 

where ci(£'„) := (c5^(TM), [w]) denotes the first Chern number of the complex 
vector bundle S. The operator V^^a is a compact perturbation of the 

direct sum of these operators. □ 



The adjoint operator 

The formal X^-adjoint operator 

K,A ■■ ^^''^ © ^ T^^^AjB^'P 

is given by 



V 



^I.aV + Ln4> + JLuip 



for ri e E) and </>, t/- £ gp). 

Proposition 4.7. //u anc? A satisfy ^ then 

/ ry \ / aV + {LuLlvf'^ + [D^.aJ - JDu,a)Lu^ 

Vu,aV: a\ = d*AdAcl) + LlLu4> 

\V/ V d*^dA^ + LlL^^ + Ll{Du,AJ-JD^^A)*V 

forrje n"j^{j:,Eu) and(t>,ij S n°{j:,2p). 
Proof. We shall abbreviate D -Dm, a and use the identities 
d\a = — * dA * ct, *dAdA4> — [*Fa, 0], 

dfi{u)J = i*, dfi{u)Lu4> = 
for a G r2^(E,0p) and (f) e r2*'(E,0p). With this understood we obtain 



where 



fj = D{D*r, + L^cj) + JLuiP) + {L^{Llr^-dA^-*dA^)t^ 

+ DLu^ - {LMf'^ + - (i« * dAi^f'\ 

4> = ^^(I?*?? + Lu(f> + JLui^) - d*A{Llr] - dAcj) - *dA4') 

= d\dA<f> + LlLucf) + LlD*ri - d\Llr] + [*Fa + pi{u), tp], 
■ip ^ d^{u){D*ri + Lu(t> + JLui^) + *dA{L*^il ~ dA(t> - *dAi^) 

= d*AdAi' + LlLu^j + LlJ*D*r] + d*A * L^r] - [*Fa + pi{u), c/)] 
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The assertion then foUows from the fact that 

J(L„a)°'i = (i„*af\ LlJ*ri = -*Llr^, (25) 
for a e Oi(S,0p) and 77 G 1]";_^(S], and 

= ^ DLu(t>^{LudA4>f'^ (26) 
for S rj"(S,gp). The first equation in ( p5| ) follows from the fact that 

*a = —a o Jj] 

for every 1-form a on S (with values in any vector bundle) and hence 
(L„a)°'i = i(L„a + JL„(ao Js)) 

= -J{Lu*a) 



0,1 



The second equation in ( p5|) follows from the first by duality. Next we observe 
that the operator (u, A) t— > dj^H.A(u) is a section of the bundle over B with fibres 
f2j"'^(E, £"1,). Its vertical differential at a zero {u,A) is the operator (f,a) i-^- 
Du,a£, + (-^«Q!)°'^. Since the section {u,A) ^—^ dj^H,A{u) is equivariant under the 
action of Q{P) it follows that the pair (^, a) = {Lu(j>, —dAff)) is contained in the 
kernel of the vertical differential at any zero {u, A). This proves (p6|). □ 

Proposition 4.8. Let t G Z{q). Then the following holds. 

(i) // {u, A) is a regular solution of ^ then P* ^(fy, (|),^^^) — implies = 0. 

(ii) IfH = 0,j — 0,Jis integrable, and (u, A) is a regular solution of then 
'^u.AiVi V') = implies (j) = ip = 0, D* ^r/ = 0, and L*i^r] = 0. 

(iii) IfH~Q,j~0,Jis integrable, {u, A) is a regular solution of and 
Lu{p) ■ 9 ^ Tu(p)M is onto for some p £ P then Vu.a is onto. 

(iv) If H = 0, J = 0, dAU = 0, /i(w) = r, E = 5^, and {u,A) is irreducible 
then Vu^a is onto. 

Proof. If u and A satisfy (||) and I?* ^(77, 0, i/') = then, by Proposition 4.7 , 
dA(f> — and Luc/) — 0. Since {u, A) is regular it follows that (j> — Q. This 
proves (i). If u and A satisfy ([|) and J is integrable then 

P>u,aJ = JDu,A 



and, by Proposition 4.7, we have 



'Du,aV:^a I <^ = d*AdAct> + KL^c^ 

■0 / V d\dA'^ + KLu-ip 
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This proves (ii). To prove (iii) suppose that {u, A) is a regular solution of (|l|), 
J is integrable, and V^^ j^{irj, (j), ip) = 0. Then, by (ii), cj) — = and Z3* ^77 — 0, 
L*?7 = 0. Since -^^*(p) is injective for some p £ P it follows that rj vanishes on 
some open set. Hence, by unique continuation, 77 = 0. Thus we have proved that 
2?*^ is injective. Hence V^^a has a dense range and hence, by elliptic regularity, 



Vu^A is onto. To prove (iv) note that, by Remark 4.5, The operator Du^a is 
complex linear whenever H = 0, J = 0, and dAU = 0. Hence P* ^(77, = 
implies (j) = ip = and D* ^77 = 0, L*7; = 0. Since 7; is a (0, l)-form we have 

dfi{u)T] = -LlJri = Ll{i] o Js) = 0. 

Since dAU = the image of u is an orbit of some point xq £ M under the 
G-action. Since {u, A) is irreducible, G^:,, — {1}. Hence rj defines an element 
of the cokcrnel of the Cauchy-Riemann operator along the constant function 
u = [xq] : Yj ^ M — M//G{t). Since S = S*^, it follows from the Riemann- 
Roch theorem, that 7; = 0. □ 



4.3 Trans versality 

In this section we establish transversality for the irreducible solutions of ^ for 
generic Hamiltonian perturbations. 

Definition 4.9. A pair (J, H) £ J x Ti is called regular (for the sixtu- 

ple S, M, w, /X, r)) if the operator Vu,a is surjective for every {u,A) £ 
M.g -^{MjU!, fj,,T; J, H), i.e. for every irreducible solution of ^) representing 
the class B. 

Given an almost complex structure J £ J we denote by Ji^c^ir^J) C H 
the set of Hamiltonian perturbations H such that the pair (J, H) is regular. 
Given r £ ^(g) and B £ 7?2(Mg;Z) we denote by Jvcg{T,B) C J the set 
of almost complex structures J such that the pair ( J, — 0) is regular for 
B. If (J, H) is regular then it follows from Proposition and the infinite 
dimensional implicit function theorem that A4g -^{M^ll!, fj,,T] J, H) is a finite 
dimensional smooth manifold of dimension 

dimM*B^j:{M,uj,fi,T;J,H) = (77 - dim G)x(S) + 2(cf (TAf), B). (27) 

Theorem 4.10. (i) For every J £ J and every r £ Z{2) the set TL^cgiT, J) is 
a countable intersection of open and dense subsets ofH. 

(ii) Assume B is not a torsion class. Then, for every r £ Z{q), the set 
JrcgiT,B) is a countable intersection of open and dense subsets of J . 

Proof. Fix a sufficiently large integer £, a constant c > 0, a compact set K C M, 
and a real number p > 2. Consider the space of pairs {u,A) £ I1/'q^(P, M) x 
^i'P(P) that satisfy 

77(F) C K, lld^T^II^^ < c (28) 
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and, for some po £ P and all f^i, 772 6 fl, 



inf |u(po) - x\ > 



Iml + k/2| < c|L„(p(,)?7i + JL„(p„)?72| 



(29) 



Denote 



M^'^iH) := e AlB,s(A/,t^,A*,T; |w and A satisfy (|2|-[29l)| . 

By Theorem 3^, the moduli space 

is compact, and it consists entirely of irreducible solutions of (^). We shall 
examine the universal moduli space 



U 



l,c,K 



U^'^'^ -.^ \^{u,A,H)\H eH\ {u,A)^M^'^{H), (||-[2|)}. 

We prove that U^'^'^ is a Banach manifold. To see this we must show that the 
linearized operator 



given by 



,A.H 





(30) 



is surjective for every triple (u, A, H) e U^'^'^ . The proof of Theorem 3.1 shows 
that we may as sum e, without loss of generality, that u and A are of class W^^'^ . 
By Proposition 4.6, is a Fredholm operator and hence it suffices to prove 

that 'Du ji H has a dense range. Let 1/p + 1/q — 1 and assume that the triple 

(ry, 0, V) G L«(S], A°;^ir*S E^) x L«(S, gp) x ^^(S, gp) 

is I/^ orthogonal to the image of 2?u,yi,_ff. Then, in particular, the triple (77, (fi, ■0) 
is L^-orthogonal to the image of T>u.a- Since u and A are of class W^'P and 
is of class it follows from elliptic regularity that ry, (f>, and t/i are of class W^'^ 
(and hence of class C^^^) and 



Moreover, 



2':,a(^/,0,V') = 0. 

(?7,X^(u))dvolE =0 



(31) 
(32) 
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for every H E H,^. Since u is irreducible, there exists a po G P such that 

Gu(po) imiu(po) n JLu(pg) = {0}. (33) 

We prove that tlic linear map rjpg : Tp^^P — > T^^p^^M is equal to zero. Suppose 
otherwise that yyp^ ^ and choose vq S Tp^^P such that r]pg{vo) ^ 0. Since the 
linear map r]pg : Tp^P Tu(pg)M vanishes on po • we have vq ^ po ■ g. Denote 

2^0 := u{p()), zq tt{po), Co := d7r(po)wo 7^ 0, 
and choose vi G Tp^^P such that 

Ci d7r(po)wi -JsCo, ?7po(^i) = -^(^^o, a:o)?7po(^o)- 

The last identity follows from the fact that 77 is a (0, l)-form. By (p3|), ?7p(,(wo) 
and 77po(i'i) cannot both lie in the image of the map Lx^ : Q — > T^gM. Let us 
assume, without loss of generality, that 

?7po(ui) ^ imi^ro- 

Since Gx^ — {^} there exists a G-invariant neighbourhood ?7o C M of such 
that = {1} for every x E Uq. Since G^; = {1} for every x E Uq there exists 
a smooth G-invariant function Hq : M R, supported in Uo, such that 

dHQ{xo)ripg{vi) > 0. 

Hence 

= dHo{xo)'npo{vi) 
> 0. 

Now let C : S ^ TE be a vector field such that Ci^o) = Co- Choose a neighbour- 
hood Vb of Zq such that, for every p E P and every u E TpP, 

7r{p)EVo, dn{p)v^aAp)) =^ (^Ho(wb)),^pM) >0 

Now choose a cutoff function /3 : E ^ [0, 1] which is supported in Vo and satisfies 
/3(-Zo) = 1- Define H E H hy the conditions 

Then {T],Xj^{u)) > at the point zq and {ri,Xj^{u)) > everywhere. Hence 

/ (77,X^(u))dvols > 

in contradiction to (|3^). Thus we have proved that, for every p E P, 
G„(rt = {1} =^ vip) = 0. 
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Moreover, by and Proposition 4.8, we have that = 0. Since kerL„(p) = 
whenever Gu{p) — {!}, it foUows from ( p4[ ) and (^) that 

Guip) = m =^ vb) = 0. 

Hence 77 and tp vanish simuhancously on some open subset of P. Since 

it foUows by unique continuation for first order elhptic operators that 77 = and 
= 0. 

Thus we have proved that the operator I?u,A,_f/ has a dense range for every 
{u, A, H) e U^^"^^, as claimed. Since 'Du,A is Fredholm, the operator T^u, a,h has 
a right inverse. Hence, by the implicit function theorem, U^'^^^ is a separable 
Banach manifold of class C^~^ . The projection 

is a Fredholm map of index (rt — dim G)x(S) + 2(cp(rA/), B). Hence, for ^ suffi- 
ciently large, it follows from the Sard-Smale theorem, that the set 'Hf^g''^(r, J) C 
Ti^ of regular values of tt^-'^'^ is dense in Ti.^ . Moreover, the moduli space 

M'"-'^{H) := {[u,A]\{[u,A],H) eU''^'''} 

is compact for every H. Hence the set 7i^^g'^(r, J) is open and dense in H^. 
Hence the set H%^{t, J) = Hf.^^£^ {t, J) CiH is dense in and hence is also 
dense in H. That it is open follows again from compactness. Hence the set 



is a countable intersection of open and dense subsets of H. This proves (i). 
We sketch the proof of (ii). Assume B is not a torsion class. Then, by 



Lemma 2^, every solution {u, A) of with H = representing the class B 
satisfies dAU ^ and so, by Lemma 2.5, cIau ^ almost everywhere. Hence, 



for every irreducible solution (u, A) of (|3) with H = that represents the class 
B, there exists a point po € P such that 

G„(po) = inii„(po) n im JLi,(pg) = {0}, ^^("(^0)) 7^ 0. 

With this understood the proof of assertion (ii) is almost word by word the 
same as that of (i) and will be omitted. □ 

4.4 Cobordisms 

Let {t\, J\) e Z{q) X J and H\ G HicgiTx, J\) for A = 0, 1 . For every smooth 
homotopy 

{ta, Jx,Hx}o<x<i e Z{g) xJxH 
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from (tq, Jo, -ffo) to (ti, Ji,Hi) we consider the space 

Wb,e := ^hdi^x, Jx,Hx}x) := (J {A} U M*s^j:{ry., J^, H^). 

0<A<1 

Definition 4.11. A homotopy {t\, J\, H\}\ is called regular (for the tu- 
ple S, M, 07, /x)) if Hx e Ti-rcgiTx, Jx) for A = 0, 1 and, for every triple 
(A, [u, A]) G Wg j;, we have 

where 

( Vx{dj,,H,An)) \ 
Cx,u,A := . (34) 

\ -dxT\ J 

Here the expression yxid,j^^Hx.A{u)) is independent of the (Hcrmitian) con- 
nection used to define it. If {ta, Jx, Hx}x is a regular homotopy then the moduli 
space Wg -^ilTx, Jx, Hx}x) is a smooth finite dimensional manifold with bound- 
ary 

dW*BM{^x,Jx,Hx}x) = {0} X M*B,Aro;Jo,Ho)U{l} x M*B,Ari; Ji, H,). 

Let H^°^^\Ho,Hi) denote the space of smooth paths [0, 1] ^ 7i : A Hx 
with fixed endpoints Hq and Hi. Given a homotopy {tx,Jx}x from (tq, Jq) 
to (ri, Ji) denote by ul^'g^Ho, Hi; {tx, Jx}x) C H^"''^\Ho, Hi) the set of all 
smooth homotopies {Hx}x from iJo to Hi such that the triple {tx, Jx,Hx}x is 
regular. The next theorem asserts the set of regular homotopies is of the second 
category in the sense of Baire. 

Theorem 4.12. Assume G = T is a torus. Let {tx, Jx}a<x<i be a smooth 
homotopy in C°°(I],Z(g)) x J and let Hx £ Hrcsi^x, Jx) for A = 0,1. Then 
the set 'h6^cg\Hf), Hi] {txt Jx}x) is a countable intersection of open and dense 
subsets ofn^°'^\Ho,Hi). 

Proof. The proof is similar to that of Theorem 4.10 and we only sketch the 
main points. Denote by the set of all homotopies from Hq to Hi. Fix 
a constant c > and a compact set K C M and consider the universal moduli 
space of all gauge equivalence classes of quadruples 

iX,u,A,{Hx}x) e [0,1] X W^'P{P,M) X A^^p{P) x 



such that {u A) e M*g ^{tx; Jx,Hx) and u and A satisfy (|2§-g9|). The proof 
of Theorem 4.10| shows that this space is a separable Banach manifold. The 
projection 

(A, [u,A],{Hx}x)^{Hx}x 
is then a Fredholm map and a smooth homotopy {Hx}x is a regular value of 
this projection for every triple {K, c, £) if and only if 

{Hx}x e Wreg'(-f^o, Hi', {tx, Jx}x)- 
Hence the result follows from the Sard-Smale theorem. □ 
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4.5 Orientation 

In this subsection we shall prove that the moduli spaces M*g ^{M, uj, fi; J, H) 
carry natural orientations. Consider the determinant line bundle 

det(P) -^B^ C^{P, M) X A{P) 

whose fibre over (u, A) is the f-dimensional real vector space 

det(P„,^) := A--(kerI?„,^) ® A--(kerI?;^) 

(See, for example, Appendix A] for a detailed exposition.) Here 



denotes the Fredholm operator given by equation (|2^). The orientation of the 
moduli spaces is an immediate consequence of the following proposition. The 
proof is reminiscent of the arguments in ||2^, |3l| . 

Proposition 4.13. The determinant line bundle det(P) — > B admits a natural 
Q -invariant orientation. 

Proof. The tangent space 

T(„,^)B = C°°(S,£;„)©l]i(S,0p) 

admits a natural complex structure given by the complex structure Ju on 
and the Hodge ^-operator on il^(E). The fibre 

£u = n°'^{^,E^) ® r!0(S,gp) ©l]°(E,0p) 

also admits a complex structure given by the complex structure J„ on Eu and 
by the map (0, V') '-^ on ri°(I],0p) ©f2°(I],gp). The only term in the 

formula ( p3| ) for the operator "D^.a that is not necessarily complex linear, is the 
operator 

i^„,^:C°°(S,i?„)^r!°;^i(E,£;„). 



However, by Remark 4.5, the complex anti-linear part of Du.a is of zeroth order 
and is therefore compact. Hence V^^a is a compact perturbation of a complex 
linear operator and hence admits a natural orientation. It follows that the real 
line bundle det(X') B admits a natural orientation (see [p3[). 

Now let g e Q{P) and choose a pair {u,A) £ B. Linearizing the action of 
the gauge group gives rise to isomorphisms 



keiVu^A ^'^erVg-i^^g.A ■ (C, a) ^ (ff ^Cff ^ag), 
ker2?*,^ ^ ker2?*_i„^g.^ : {r],(t),ij) ^ {g-'^T],g-^(f>g,g-^ijg). 



(35) 



We prove that the resulting isomorphism of determinant lines is orientation 
preserving with respect to the natural orientations introduced above. To see 
this, we assume first that H ^ and J(z, •) is integrable near u{p) for every z € 
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S and every p G P with 7r(p) — z. Then the operators T>u,a and T)g-\y^ g,j^ are 
both complex Unear, and hence the orientations of det(I?„_A) and det(I?g-i„ g.^) 
both agree with the orientations induced by the complex structures. Hence, 
in this case, the result follows from the fact that the maps (^) are complex 
linear. In general, the result follows from the fact that the spaces H. and J 
are both connected and hence the isomorphism det(X'„_A) — > det(2?g-i„ g.^) 
is orientation preserving for some pair (i/, J) if and only if it is orientation 
preserving for every pair (H, J) . □ 

Proposition 4.14. Let G Hreg ' (ffo, ^^i; {^a, >/a}a)- Then the moduli 

space ^{{tx, Jx, Hx}\ is an oriented cobordism from ^A*g ^{tq; Jo, Hq) to 

Proof. The tangent space of at a triple (A, u, A) is the kernel of the oper- 

ator 

'T>X,u,A ■ K X T(^u,A)f3 £u 

given by 

2'A,«,A(A,^,a) := + ACa,«,a 

for A e R and (^, a) £ T^^^A)^, where C,x,u,A & £u is given by (|3^). Since 'Dx,u,A 
is surjective, the orientation of the kernel is determined by the orientation of 
the determinant line. Thus we must examine the determinant line bundle 

det(P) ^ [0, 1] X 6 

whose fibre over a triple {X,u,A) e [0,1] x S is det(X'A,M,A)- The homotopy 
t tCx.u.A yields a natural isomorphism 

dct{V) = prjr[0, 1] ® pr^ det(2?) ^ pr^ dct(P), 

where pri : [0,1] x B ^ [0, 1] and pr2 : [0,1] x B ^ B denote the obvious 
projections. This is because the tangent space Tx[0, 1] is canonically isomorphic 
to M and, for t = 0, we have 

kerP = M X ker P, cokcrP 9^ cokcrP. 

Hence det(i)) inherits the orientation of det(X') and, since the orientation of 
det(2?) is invariant under the action of Q so is the orientation of det(X'). It 
follows that the manifold admits a natural orientation. 

Now choose a triple (A, [w, A]) e ^ such that Vu^a is onto. Then a 
positively oriented basis of T(^x.[u,a])^b e form 

(1,^0, ao), (0,^1, ai), . . . , (0,^fc,afc), 

where the vectors (fi, ai), . . . , {^k, ctfc) form a positively oriented basis of the 
kernel of V^^a- With the standard convention for orienting the boundary (the 
outward unit normal vector comes first) the result follows. □ 
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5 Integer invariants 



Let {M,Lu,fi) be a symplectic manifold of (real) dimension 2n equipped with a 
Hamiltonian action by a compact Lie group G which is generated by a moment 
map : M — > 0. Suppose that the triple (M, ^) satisfies {HI — 3). We 
shall define rational invariants of the triple (Af, for central regular values 
of the moment map under these hypotheses. Conditions {HI — 2) are needed 
to prove that the moduli spaces are compact. It should be possible to remove 
condition {H3), however, the construction of the invariants without this condi- 
tion will probably require considerably more analysis than has been carried out 
in the present paper. This would include a full version of compactness for the 
solutions of without loss of energy and with preservation of the homotopy 
class in the limit, as well as the construction of virtual moduli cycles analo- 
gous to the definition of the Gromov-Witten invariants for general symplectic 
manifolds as in ||l3|, |2^. On the other hand, there are many interesting 

examples that satisfy {HI — 3), such as linear actions on complex vector spaces. 
(In this case {HI) implies {H2), and (i?3) is obvious.) In the present section 
we define integer invariants under the additional assumption that G acts freely 
on ^~^{t) for some central clement r € Z{g). This hypothesis will in Section]^ 
be replaced by the assumption that /i has a central regular value. 



5.1 Smooth moduli spaces 

Fix an equivariant homology class B £ H2{Mg\'L) and a compact Riemann 
surface (E, J^jdvols). Recall from Section ||the definition of the moduli space 

M{t- J, H) - A<b,e(t; J, H) = A^B,s(r; J, H)ig{P) 

of gauge equivalence classes of solutions of (||) for a (family of) almost complex 
structures J ^ J and a Hamiltonian perturbation H £ Ti.. Consider the set 

Zo{q) {r e Z{g) \ G acts freely on /x"^(t)} . 

By {HI), this set is open and we assume here that it is nonempty. Choose a 
smooth function S : 2'o(g) (0, oo) such that 

\fi{x) - < S{t) =^ G^ = {1}, imL^nimJ{z,x)L^ = {0} (36) 

for aU (z, x) e S X M and r e ^0(0)- If 

{[Lu + T-^J.lB) + \\nH\ 



Voi(i;) 



< S{r) (37) 



then the moduli space Mb,^{t; J, H) consists entirely of irreducible solutions 
(Lemma 4.2) and hence is a smooth manifold for a generic Hamiltonian func- 
tion H that satisfies ( |37| ) (Theorem 4.10). Moreover, Mb,'s{t; J, H) is compact 
whenever H has compact support and J agrees with the almost complex struc- 
ture Jo of hypothesis {H2) ouside of some compact subset of M (Corollary |37 
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Let us denote by the space of almost complex structures that agree with Jq 
outside of a compact set, by 'K{t\ 6) the space of compactly supported Hamil- 
tonian perturbations that satisfy (|3^), and, for r G ^0(0) and J & Jo, denote 

by 

?^rcg(T, J; 5) Hrcg(r, J) n H(r; (5) 



the subset of regular perturbations in the sense of Definition 4.9. Let 

B* CB = C^{P,M) X A{P) 



denote the subset of irreducible pairs {u,A) e B (see Definition |4.l| ). By the 
local slice theorem (see Theorem |B.l| ) the quotient space B* /Q is an infinite 
dimensional Frechet manifold (determined by /i, P, and S). The next theorem 
summarizes our results about the moduli spaces Ads.^iT; J, H). 

Theorem 5.1. Assume {HI — 3) and let r G Zo{g). Then the following holds. 

(i) For every pair (r, J) G ^0(0) x Jo ^^le sei Ti.Tcg{T, J; (5) is open and dense in 

(ii) -For every pair (t, J) G Z{){q) x JTq o^c^ every H G Ti.rcg{T, J; (J) i/ie moduli 

space M. B ,t.{t] J , H) is a compact smooth naturally oriented submanifold 
ofB*/G of dimension 

dimXs,s(r; J,i/) = 2m := (n - dim G)x(S) + 2(cf (TAf), B). 

(iii) for A = 0, 1 let (ta, Ja) G .^0(0) x Jo and G 'HTcg{Tx,Jx',S). Suppose 
that tq and ti belong to the same component of Zq (g) . Then the moduli 
spaces A4{to; Jq, Hq) and A4(ti; Ji, Hi) are oriented cobordant in B*/Q, 
i.e. there exists a compact oriented submanifold 

W C [0, 1] X B*/g 

of dimension 2m + 1 such that 

dW = {1} X M{n; .h,Hi) - {{)] X A<(to; Jo,i/o). 



Proof. By Corollary 3.5, the moduli space A4{t; J, H) is a compact subset of 
B/g and, by Lemma L2, it consists entirely of irreducible solutions of for 
ever y H G Ti,{T;6). Hence the set 7ircg{T, J;S) is open in 7i{T;5). By Theo- 
rem 4.10, it is dense. This proves (i). 

That A4*{t;J,H) is a smooth submanifold of B*/Q of dimension 2m for 
H G TLrcg{T, J; S) follows from the definitions, from Proposition 4.6, and from 
the implicit function theorem. That A4{t; J, H) = Ai*{T; J, H) follows from 
Lemma 



^ ^, and that M.{t; J, H) is oricntablc follows from Proposition 4.13 

This proves (ii). Assertion (iii) follows from Theorem 4.12| , Corollary 3.5, and 
Proposition 4.14. □ 
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5.2 Definition of the inveiriants 
The evaluation map 

The group ^ x G acts freely on the product S* x P by 

{g,hy{u,A,p) := {g-'^u,g*A,pg{p)-'^h) 
fov g Q, h G G, {u,A) e B*, and p € P. Hence there is a principal G-bundle 

r := (B* X p)/g B*/g x s. 

The classifying map B*/g x S — > BG of this bundle lifts to a map 9 : B* x P 
EG that is ^-invariant and G-equivariant: 

0{g-\,g*A,pg{p)-'^h) = h'^e{u,A,p). 

Likewise, the evaluation map B* x P M : {u, A,p) i-^ u{p) is ^-invariant and 
G-equivariant. These two maps together give rise to a map 

evG : B*ig X E — > Mq := M xq EG 

given by 

evG{[u,A,p]) := [u{p),9{u,A,p)]. 

The composition of eve with the projection pM ■ Mq — > BG is the classifying 
map of V: 

B*IQ X E Mg . 

PM 

BG 

If M is contractible, then the projection pu '■ Mq — > BG is a homotopy equiv- 
alence. 

The projection 

Now fix a point po e P, denote by Go '■= {d & Q \ 9{Po) = id} the based gauge 
group, and consider the space 

Ag := A Xg EG, 

where Q acts by g*{A,e) := {g* A, g{pf))~^e). This space can be identified with 
A/Qo Xg eg. Since G acts freely on B* there is a principal G-bundle 

Po ■■= B*/go B*/g. 

The classifying map of this bundle lifts to a ^/-equivariant map 6q : B* ^ EG, 
which is equal to the restriction of 6 to B* x {po}- It satisfies 

eo{g-^u,g*A)=g{po)-^eo{u,A) 
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and gives rise to a projection 



TT^ : B*/g ^ Ag 

given by 

7r^([u,A]) := [A,eo{u,A)]. 

The composition of tt^ with the projection : Ag BG is the classifying 
map of Vq: 

B*/g^^Ag . 




The invariants 

We define invariants of the sixtuple {M,uj, fj,,T, B,T,) with r £ -^0(5) by inte- 
grating suitable cohomology classes over the moduli space M b,t.{t; J, H). Such 
cohomology classes can be obtained by pulling back equivariant cohomology 
classes on M under the evaluation map cvq and equivariant cohomology classes 
on A/Qq under the projection 7r_4. Let a G H*{Ag;'L), Pi, ■ ■ ■ ,Pk e H*{Mq; Z), 
and 71, . . . , 7fc e Z) such that 

k k 

deg(a) + deg(A) - ^ deg(7,) = 2m, 

4=1 4=1 

and define 

^b/s^'"!";/'!' • ■ • >/3fc;7i, • ■ • ,7fc) 

7r;^Q! ^ evQ/3i/7i ■ • ■ ev^Pk/jk- 

Mb.t,(t;JM) 

Here the map H'}{B*/g x I];Z) x i7^(S;Z) ^ m-\B* /G^Z) : (/3,7) /3/7 
denotes the slant product, J e Jo, and G HicgiT, J; S), where the function 
6 : Z„{q) -> (0,00) satisfies (|3|). 

Theorem 5.2. Assume {HI — 3) anrf Zet r G Zq{q) (i.e. G acts freely on 
^~^{t)). The invariant ^g'^ ^ [a] [3i]^i) is independent of the almost complex 
structure J and the Hamiltonian perturbation H used to define it. It depends 
only on the triple (Af, cj,/i), on the (co)homology classes B,a,Pi,ji, and on the 
component of t in ^0(0)- 

Proof. The space B* /Q depends on M, the G-action, E, and P. The invariant is 
defined by pairing an integral cohomology class on B*/g, determined by a, Pi, 7^, 



with the homology class [Mb^^{t; J, H)] G H^{B*/g;Z). By Theorem the 
latter is independent of J and H and depends only on the component of r 
in Zo{q). That it is also independent of the metric on S follows by a similar 
cobordism argument. □ 
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Remark 5.3. The hypothesis that the Hamiltonian is small (compared to the 
volume of S) is quite restrictive. If we aUow for more general (abstract) pertur- 
bations of the symplectic vortex equations, then the condition that all solutions 
of (^ are irreducible can be replaced by the weaker condition that the gauge 
group acts freely on the space of solutions of (^. In the case of linear torus 
actions this condition is satisfied for every Hamiltonian perturbation whenever 
G acts freely on /i~^(ro), where tq G g is defined by ( pO| ) (see Remark ^^). 

6 G-moduli problems and the Euler class 

In this section we review the results of about the Euler class of G-moduli 
problems. They play a crucial role in the definition of the rational invariants in 
the presence of finite isotropy. 

Definition 6.1. Let G be a compact oriented Lie group. A G-moduli problem 

is a triple (B, S) with the following properties. 

• B is a Hilbert manifold equipped with a smooth G- action. 

• £ is a Hilbert space bundle overB, also equipped with a smooth G-action, such 

that G acts by isometrics on the fibres of £ and the projection £ B is 
G-equivariant. 

• S : B ^ £ is a smooth G-equivariant Fredholm section of constant Fredholm 

index such that the determinant bundle det(iS) B is oriented, G acts by 
orientation preserving isomorphisms on the determinant bundle, and the 
zero set 

M := {x (^B\S{x) = 0} 

is compact. 

A finite dimensional G-moduli problem (B, E, S) is called oriented if B and E 
are oriented and G acts on B and E by orientation preserving diffeomorphisms. 
A G-moduli problem {B,£,S) is called regular if the isotropy subgroup Gx '■= 
{(? G G I g*x = a;} is finite for every x Cz A4. 

G-moduli problems form a category as follows. 

Definition 6.2. Let{B,£,S), {B',£',S') be G-moduli problems. j4 morphism 
from {B,£,S) to {B' ,£' ,S') is a pair (?A,^) with the following properties, ip : 
Bq —^B'isa smooth G-equivariant embedding of a neighbourhood Bq C B of A4 
into B' , 5* : £q := f |b„ £' is a smooth infective bundle homomorphism and a 
lift of ip, and the sections S and S' satisfy 

5'oV = *°5, M' = i^{M). 

Moreover, the linear operators d^ip ■ T^B — > T^^^-jS' and "^f^ ■ £x ~* ^4>{x) '^i^duce 
isomorphisms 

dx^p -.kerVx ^kerV'^f^^^, ^f^; : cokerP^; ^ cokerP^^^^, (38) 
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for X £ and the resulting isomorphism from dct{T>) to det(I'') is orientation 
preserving. 

Let {B,£,S) and {B',£',S') be G-moduli problems and suppose that there 
exists a morphism from {B,£,S) to {B',£',S'). Then the indices of <S and S' 
agree. Moreover, {B,£,S) is regular if and only if {B',£',S') is regular. 

Definition 6.3. Two regular G-moduli problems {B,£i,Si), i = 0, 1, (over the 
same base) are called homotopic if there exists a G-equivariant Hilbert space 
bundle £ [0, 1] x S and a G-equivariant smooth section S : [0, 1] X S — > £^ such 
that £i = £\{i}y.B 'J^'^ Si = '5|{i}xe for i = 0, 1, the triple {B,£t,St), defined 
by £t '■= £\{t}xB ^''^d St = S\^t}y.B! regular G-moduli problem for every 
t G [0, 1], and the set M :— {(i, x) e [0, 1] x | St{x) — 0} is compact. 

The following theorem in proved in It states the properties of the Euler 
class. We denote by Hq{B) the equivariant cohomology with real coefhcients. 

Theorem 6.4. There exists a functor, called the Euler class, which assigns to 
each compact oriented Lie group G and each regular G-moduli problem (B, £, S) 
a homomorphism ^(^^'^'^ : Hq{B) M and satisfies the following. 

(Functoriality) // {^p,'^>^ is a morphism from {B,£,S) to {B',£',S') then 
X^'^^^{ip*a) = x'^''^ '^'{a) for every a £ H^{B'). 

(Thorn class) // {B, E, S) is a finite dimensional oriented regular G-moduli 
problem and t e Qq{E) is an equivariant Thom form supported in an 
open neighbourhood U G E of the zero section such that U H E^ is convex 
for every x ^ B, U f] ■k~^{K) has compact closure for every compact set 
K C B, and S^^iU) has compact closure, then 

X^'^'^(a)^/ aAS*r 

J B/G 

for every closed form a G flQ{B). 
(Transversality) If S is transverse to the zero section then 

Jm/g 

for every a G Hq{B), where M := iS^^(O). 

(Homotopy) If{B, £o, Sq) and {B, £i,Si) are regular homotopic G-moduli prob- 
lems then x'^'^"''^°ia) = x^^^'^'^'(") for every a G H^{B). 

(Subgroup) // {B, £, S) is a regular G-moduli problem and H C G is a normal 
subgroup acting freely on B then 

for every a G H^^^{B/il), where tt* : H^^^{B/}i) —>■ Hq{B) is the homo- 
morphism induced by the projection n : B B/H. 
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(Rationality) If a e H^{B;Q) then x^'^'^{oi) G Q. 

The Euler class is uniquely determined by the (Functoriality) and (Thorn class) 
axioms. 

7 Rational invariants 

Our next goal is to drop the hypothesis that G acts freely on /x~^(t) and con- 
struct invariants for every central regular values r e Z{q) of the moment map 
: M — > 0. In this case we must deal with the presence of finite isotropy 
subgroups. We assume as before that the hypotheses {HI — 3) are satisfied. 



7.1 The setup 

Let us fix the following data: 

• an equivariant homology class B G H2 {Mq ; Z) , 

• a compact connected Riemann surface (E, Js, dvols) and a principal G-bundle 

TT : P — > S whose characteristic class is the image of B under the homo- 
morphism H2{Mg;I^) i?2(BG;Z), 

• a point Pq & P and an integer fc > 2. 

We emphasize that the purpose of fixing the point po is not in the definition of 
the evaluation map, but to obtain an action of the gauge group on the classifying 
space EG of G. Throughout we shall denote by Q := ^'^+^'^(P) the group of 
gauge transformations of P of class and by 

Go ■•= g^+''^{P) := {g e g'=+i'2(P) I gipo) = 1} 

the (normal) subgroup of based gauge transformation. When the need arises 
we shall think of the gauge group Q as acting on EG by g*e := g{po)~^e. So the 
subgroup Go acts trivially on EG. 

The above data give rise to a G-moduli problem {B,£,S) as follows. The 
Hilbert manifold B is the quotient 

^ _ W^''{P,M-B)xA'^'^{P) 
g^+^'\P) 

where W^-'^ {P, M ; B) := {{u G Wq^^{P,M) \ [u] = B}. The Hilbert manifold B 
carries a G-action since the quotient group G/Qo is isomorphic to G. Consider 
the bundle £ ^ B with fibres 



-(u,A) 



VF*=-^'2(S, A%^T*S ^ju*TM/G) W''-'^''^{E,qp). (40) 



The action of the gauge group identifies £{u,a) with £(g-iu,g*A) for every g G G- 
Thus £ carries a G-action. More precisely, the fibre of £ over a point [u, A] G B 
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is the union of the spaces ^[g-^u.g-'A) over all g € Qo and any two such spaces 
are identified by the action of the based gauge group. Then the quotient group 
G = Q/Go acts on both £ and B and the projection is G-equivariant. For 
every Hamiltonian perturbation H the left hand side of equation (^) defines a 
G-equivariant section S : B £ given by 

Si[u,A]) [d.LH.A{u),^FA + ti{u)~T]. (41) 

Lemma 7.1. Assume {HI — 3) and let t G Z{q) be a regular value of ^. 

(i) The triple {B,£,S) defined by (0;, and ^ is a G-moduli problem 
( see Section |^ oj index 

index(5) = {n - diniG)x(S) + 2{c{{TM),B) =: 2m. 

(ii) There exists a constant 6 > such that the G-moduli problem {B,£,S) is 
regular whenever 

{[uj-f, + T],B) + \\nH\\<SVo\{E). (42) 

Proof. That £ is a Hilbert space bundle over a Hilbert manifold is a consequence 
of the local slice theorem (for VF*"''^ connections). That 5 is a Fredholm section 
follows from Proposition |4.6| and so does the index formula. That the zero set of 



iS is compact follows from Corollary 3.5. This proves (i). Assertion (ii) follows 



from Lemma 4.2. □ 



We can now evaluate the Euler class x^'^'"^; defined in Section]^, on equivari- 



ant cohomology classes of S. As in Section 5.2, such cohomology classes can be 
obtained by pulling back equivariant cohomology classes on M with the eval- 
uation map and equivariant cohomology classes on A/Qo with the projection 
onto the space of connections. More precisely, abbreviate A := A'^''^(P) and 
g = C/''+i'2(P). Consider the action of the group ^ x G on the space 

X ■.= Ax P xEG 

by 

{g,h)*{A,p,e) -.^ {g*A,pg{p) ^h,g{po) ^e). 

Lemma 7.2. There exists a continuous function 9 : X ^ EG which is Q- 
invariant and G-equivariant. Thus 

9{g*A,pg{py'h,g{por'e) = h-'9{A,p,e) (43) 

for (A,p, e) G X , g ^ Q , and h G G. Any two such maps 9q,0i : X EG are 
homotopic through maps satisfying (0). Moreover, 9 can be chosen such that 

B{A,po,e) = e. 
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Proof. The group 5 x G acts freely on X. Hence the quotient X/Q is a principal 
G-bundle over X/{Q x G). The classifying map of this bundle lifts to a G- 
equivariant map from X/Q to EG. The composition of this map with the 
projection X ^ X/Q is the required map 9. The last two assertions follow 
from the fact that any two classifying maps are equivariantly homotopic. □ 

Note that we can identify the space B xq EG with the quotient of the space 
Wq'^{P,M;B) X A'^^'^iP) X EG by = Q''+^^'^{P), where the action of the 
gauge group is given by g*{u,A,e) := {g^^u, g*A, g(jio)^^e). Hence there is an 
evaluation map 

evG : {B Xg EG) x E ^ Af Xq EG, 

defined by 

evG{[u,A,e],T:{p)) := [u{p),e{A,p,e)], 

and a projection 

TTA : B xg'EG ^ Ag A xg EG 

defined by 

TTA{[u,A,e]) := [A,e\. 

7.2 Definition of the invariants 

Let 

aeH*{Ag), l3i,...,l3keH*{MG), 71, ■ • • , 7fc e 
such that 

k k 

deg(a) + deg(A) - ^ deg(7j) = 2m, 

i=l i=l 

and define 

*B,s~''("; ■ ■ ■ , /3fc; 71, • ■ • , 7fc) 

:= x''''^'' - ev^/3i/7i ^ • • ■ ^ ev^Pk/lk) ■ 

Here the map H^aB xg EG) x S) x i7,(S) ^ H^-'iB xg EG) : 7) ^ P/j 
denotes the slant product, the G-moduH problem {B,£,S) is defined by 
(pO[), and where the Hamiltonian perturbation H satisfies (^2[), and the 

Euler class x^'^"5 : H^{B) ^ R is defined in Section |. 

Theorem 7.3. Assume (HI — 3) and let r G .Z^Cfl) 6e a regular value of fi. The 
invariant $^^'|!~^(a; /3i; 7^) is independent of the almost complex structure J, 
the Hamiltonian perturbation H , the point pq G P, and the integer k used to 
define it. It depends only on {M,u;,fj,), on the genus of Ti, on the component 
of T in the (open) set of central regular values of fi, and on the (co)homology 
classes B, a, l3i,ji. 
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Proof. The independence of k follows from the fact that a finite dimensional 
reduction for A; = 2 is also a finite dimensional reduction for every k > 2, and 
that the classifying map 9'^'^ : X^^^ EG can be defined as the restriction of 
the classifying map 9^'"^ to the subspace X^'^ C X'^'^ . The independence of J, 
-ff, Js, dvols, and r follows from the (Homotopy) axiom for the Euler class. 

We prove the independence of the basepoint po- Let pi e P and suppose that 
H = Q and that J is independent of the point z e S. Choose a diffeomorphism 
(/) : E ^ E that is isotopic to the identity and a G-equivariant lift ip : P ^ P 
such that V'(Pi) = Po- Then the G- moduli problem with po, Jy., and dvols 
replaced by pi — Tp^^{po), 4>*Jy, and ^*dvols, respectively, is diffeomorphic to 
the original one. The diffeomorphism is given by [u,A] i— > [u o 'ip,ip*A]. Hence 
the invariants are the same. □ 

Remark 7.4. We emphasize again that the condition (^) on the Hamiltonian 
perturbation is quite restrictive and that much more general regularity criteria 
are available in the abelian case. For example, if G is abelian and acts linearly on 
M = C" and the element tq € g, defined by (po[), is a regular value of fj, then, for 
every Hamiltonian perturbation and every almost complex structure, the gauge 
group acts on the space of solutions of ( [^) w ith finite isotropy (see Remarks [4.3| ) . 
So in this case the smallness condition (M4) on the Hamiltonian can be dropped. 
Such more general criteria can also be obtained in the nonabelian case. 

Theorem 7.5. Assume {HI — 3) and let r e Z{q) such that G acts freely on 
^^^{t). Then the invariant t&p, '^~^(a; f3i;ji) defined in this section agrees with 



the one defined in Section 5.i 



Proof. By Theorem 5.1, there exists a Hamiltoni an p erturbation H that satis- 
fies (^) and is regular in the sense of Definition |4.9| . For such a perturbation 
the section S : B defined by (^), is transverse to the zero section. Hence 
the result follows from the (Transversality) axiom for the Euler class. □ 

7.3 Relations 



There are two kinds of relations between the invariants defined in Section 7.2 
namely those arising from relations between the slant product and the cup 
product and others arising from relations between certain universal bundles in 
gauge theory. 

Proposition 7.6. Let t : E ^ S x E denote the inclusion of the diagonal and 
suppose that /3, /?',/?" G H*{Mg;Z) and -f,-fi,j- G H^{T.-Z) satisfy 

i=l 

Then 

■ ■ • : /3fc;7,7i, ■■■,1k) 

m 
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In particular, if ji = [pt] for every i, then 



{a; Pi 



,Pt) = $Br'(a;/3: 



/3fc;pt) 



Proof. This follows from the formula 



for a', a" £ iJ*(E;Z) 
Let us denote by 

the map 



/ w a" = ^ / a I a" 

i=i "'7,' Jy- 



0A ■■ Ag X J: ^ BG 



l([Ae],^(p)) [0{A,p,e)], 



□ 



where is as in Lemma 7.2. This is a classifying map for the bundle 



Pj^:^{AxPx EG)/g ^ X S, 

where the gauge group Q acts by e) {g*A,pg{p)~^,g{pQ)~^e). Recall 

that pm ■ Mq BG denotes the projection. 

Proposition 7.7. For every c G i?*(BG;Z) anrf every 7 G 7J*(S;Z), 
*B e'^C^JPmC,/?!, . . . ,/3fe;7,7i, . . . ,7^) 



M,/i-T 



(a^(0>/7);/3i 



,/3fc;7i, . . . ,7fe). 



Proof. By definition of the maps, there is a commuting diagram 



{B XgEG) X S- 

TT^ X id 

X E ■ 



M XnEG . 



8^ 



BG 



Hence, for every class c G iJ*(BG; Z) and every 7 G iJ*(E; Z), we have 

ev&pI/c/7 - ((tt^ X id)*0^c)/7 - 7T*^{e*Ac/j). 
This proves the proposition. 



□ 



Let us now consider the abelian case G = T. Then the constant gauge 
transformations act trivially on A. Hence there is a principal bundle 

Va/q {A X p)/go ^ A/g X s, 

where Go is the based gauge group. Let us denote by 

^A/g ■■ A/g X S ^ BG. 
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It lifts to a map Oq : A x P ^ EG that satisfies 

9o{g*A,pg{p)-^) ^ g{po)-^eo{A,p). 

Consider the homomorphism fij^/g : Hi{BG;Z) x i/j(S;Z) ^ Hi-''{A/g;1) 
defined by 

Let TT^A/g : Ag A/Q denote the obvious projection. 

Proposition 7.8. Assume the abelian case G — T. Then, for every c G 
_ff*(BG;Z) and every 7 e iJ,(E;Z) such that 



deg(7) > 0, 



have 



'^B$ ^(a;PMC,/3i, . . . ,/3fc;7,7i, . . . ,7fc) 
= *B^s~^(" 7r^/gAi.A/e;(c,7);/3i, • ■ ■ , /3fc; 71, ■ ■ • ,7fc)- 
Proof. In the abelian case the projection 

^ X BG 

is a homeomorphism. We define the tensor product of two principal T-bundles 
TTi : Pi ^ X and 7r2 : P2 ^ -'^ as the quotient 

Pi «> ^^2 := {{pi,P2) e Pi X P2 I vri(pi) = 7r2(p2)} /T 

by the diagonal action. With this notation 

Va ^ {Va/g X BG) {A/g X S X EG) — > A/G x E x BG. 

An explicit bundle isomorphism is e] [([A,p]o, [e]), ([A], [p], e)], where 

[A,p]o G Pa/q = {-A ^ P)/Go denotes the equivalence class under the action of 
Go, and [A], respectively [p] and [e], denote the equivalence classes under the 
action of Q, respectively G. Hence 

deg(7)>0 =^ ^!4c/7 = 7r^/g(^^/ec/7) 7r^/gAi.A/e(c,7) 



and hence the result follows from Proposition 7.7. □ 

The classes /i^/g (c, 7) are easy to compute and they generate the cohomology 
of A/g = A/gQ. Let A := exp"i(Il) C t and denote by W C t the dual lattice 
(of elements whose periods on A are integer multiples of 2tt). Then every w € W 
determines a homomorphism 

Pw '■ T * S , 

given by pw(exp(r)) := exp(i(w, r)) and hence complex line bundles 
:= EG Xp^ C ^ BG, := P x^^ C ^ E. 
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The first Chern class of C" will be denoted by 

Cw :=ci(£"') ei/2(BG;Z). 

We describe the map 7 ^ M^/e(cw,7) explicitly. Every w G W and every loop 
7 : 5^ — !■ E determine a real valued 1-form on A given by 

TAA = n^{T.,i) ^R:a^^ — - [ {w,a). (44) 

This 1-form is closed and (y-invariant, so it descends to a closed 1-form /iw(7) G 
^^(A/Q). Similarly, every 2-chain on E induces a function //(cr) on A/Q defined 

by 

By Stokes' Theorem, dji^{a) — jiy^{da) and hence there are induced homomor- 
phisms /iw : ifi(S;Z) ^ H^iA/G^I) and /iw : i?2(S;Z) ^ i?0(y^/g;Z). The 
following lemma asserts that = ^J■A/g{'^wll)■ 

Lemma 7.9. For every w £ W the following holds. 

(i) ^iA/g{c^, [pt]) = arid ^iA/g{c^, P]) = (ci(L-), [S]) e HO{A/g:Z). 

(ii) i^or7 e i7i(I];Z) t/ie c/ass 

/i^/c;(cw,7) £ H^[A/g','Zi) is represented by the 
closed 1-form on A/Q induced by (^Jj. The Poincare dual of ^j^/g{c^,"f) 
is represented by the cycle 

C^/e(w,7) {[A]eA/g | ^^(w, ^ - ^o> = o| 

with the orientation determined by — w. 

(iii) The map 

W®i7i(S;Z) ^i/i(^/g;Z) : (w, 7) ^ ^^^/^(cw, 7) 

induces an isomorphism from the exterior algebra on the free "L-module 
W®£fi(I];Z) to H*{A/g:Z). 

Proof. The bundle Va/q = iAxP)/Qo A/GxY^ carries a universal connection 
induced by the fJo-invariant 1-form A ^ {A x P, t), 

^{A,p}{ct,v) — Ap{v) + {d*d)^^d*a{p). 

Here d*d denotes the isomorphism 

d*d : f^°(E,t) im{d* : f^^(E,t) ^ ^^°(E,t)). 

The curvature of A is given by 

iFA){[A].z)(^{a,v), {(3,w)j = Fa («,■!«) -l-a^(w) -/3z(w) 
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for v,w e T^E and a, l3 e n'^(T,,iR). Let [7] G ffi(S;Z) and [A] G HiiA/G;!.) 
be represented by loops 7 : R/Z ^ E and A : R ^ such that A{t+1) = g*A{t) 
for some g £ Q. Since the closed 2-form — (w, Ff^)/2'K represents the cohomology 
class c\{d*j^igC") = we have 

{l^A/g{cw,h]),[A]) = ^ {w,FA{A{s),j{t)))dsdt 

= (Mw([7]),[^]). 

This proves (ii). Assertion (i) is proved similarly. To prove (iii) let m := dimT 
and pick integer bases wi, . . . , of W and 71, ... , 72^ of -ffi(E; Z). Now let 
aij G n^(S, t) be a harmonic 1-form such that 

for = 1, . . . ,2g and j,j' = 1, . . . , m. Then the map 

is a homotopy equivalence and identifies the cohomology class of the 1-form dtij 

with /X^/g(Cw, ,7i)- □ 

8 Relative periodic orbits 

Let G be a compact Lie group and (M, uj, fi) be a symplectic manifold with 
a Hamiltonian G-action. Let M x M — > M : {t,x) ^ Ht{x) = Ht+i{x) be a 
G-invariant Hamiltonian. A relative periodic orbit is a pair {xo,go), where 
go G G and xq : M. ^ M is a smooth function such that 

Xo{t)+XHAMt)) = 0, xo{t + l)^ gaxo(t). (45) 

It follows from the G-invariancc of Ht that the function t /i(xo(t)) is constant 
for every relative periodic orbit {xo,go). The group G acts on the space of 
relative periodic orbits by 

g*ixo,go) ■■= {g~^xo,g~'^gog)- 

If go belongs to the identity component of G then there exists a smooth function 
51 : M — > G such that 

9{t + i) = gog{t). (46) 

Define a; : M ^ M and ^ : R -> fl by 

x{t) := g{t)-'xo{t), m ■■= 9{t)~'m- 
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Then 



x{t)+X^^t^{x{t))+XHMt))=0, x{t + l)^x{t), C(i + l)=e(i). (47) 

A solution (x,^) of (^7|) is called contractible if the loop x : K/Z ^ M is 
contractible. A solution (a;o,5o) of (^q) is called contractible if there exists a 
smooth path g : M — > G satisfying ([46[) such that the loop g^^XQ : M/Z ^ M is 
contractible. 

Remark 8.1. The loop group LG :— C°°(M/Z, G) acts on the space of solutions 
of (0) by 

g*{x,0 ■■= {9-'x,g-'g + g-'^g). 

If M is compact then this action preserves the space of contractible loops. The 
proof uses Floor homology (see for example ||2^, Chapter 10]). 

Remark 8.2. If (x,^) is a solution of ( |47| ) then 

j^fi{x{t)) + m,fi{xm = o. 

In particular, if fi{x{t)) G Z{g) for some t G R then the function t ^ ii{x{t)) is 
constant. 

Theorem 8.3. Assume {HI — 3) and suppose that t G Z{q) is a regular value 
of ^ such that /i~^(r) ^ 0. Then, for every time dependent G-invariant Hamil- 
tonian Ht — i?t+i : Af — > M, there exists a contractible relative periodic orbit in 

Corollary 8.4 (Gromov). Let {M,uj) be a compact symplectic manifold such 
that ([w],7r2(M)) = 0. Then every time- dependent 1-periodic Hamiltonian sys- 
tem on M has a contractible periodic orbit. 

Proo/. Theorem U with G = {]1}. □ 

Corollary 8.5. Assume {HI — 3) and suppose that G is abelian. Then, for 
every time dependent G-invariant Hamiltonian Ht := Ht+i : M M. and every 
T S g such that //~^(r) ^ 0, there exists a contractible relative periodic orbit in 
M-i(r). 

Proof. We may assume without loss of generality that G = T is a torus and M is 
connected. Then there exists a subgroup H C G, called the principal orbit type, 
such that H = Ga; for every x in an open dense subset of M (see Audin ]|l|). 
Since H C G^; for every x it follows that {dfj,{x)v , rj) = for all v G T^M and 
all 77 G t) := Lie(II). Since M is connected this shows that the image of fj, is 
contained in an afRne subspace 0o C g parallel to f)^. The assertion about the 
principal orbit type now shows that fJ.{M) is equal to the closure of its interior 
relative to go- Hence, for every t G /i(M), there exists a sequence G /i(M) 
converging to r such that is a regular value of the composition fiQ : M ^ go 
of the moment map with the projection onto go. Now apply Theorem |8.3| to the 
action of G/H on M to obtain, for every i/, a contractible relative periodic orbit 
{xv^gi,) in /i^^(T^). Every such sequence has a convergent subsequence. □ 
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Example 8.6. Consider a Hamiltonian action of U(2) on (M, w) which factors 
through the determinant U(2) — > S^. Then the moment map has no central 
regular values. 

Conjecture 8.7. Assume (HI). Then, for every time dependent G-invariant 
Hamiltonian Ht -fft+i ; Af — > M and every t G g such that fj,^^{T) ^ %, there 
exists a contractible relative periodic orbit in ^^^(t). 



Example 8.8. Hypothesis (HI) cannot be removed in Conjecture 8.7. For 
example, consider the case G = {1} and M = x R-^ with the Hamiltonian 
function H{x,y) = aij/i + 022/2, where ai and 02 are rationally independent. 
Then there are no (relative) periodic orbits and the moment map is not proper. 

Remark 8.9. It should be possible to extend the techniques developed in this 
paper to the case where (-ffS) is not satisfied, however, the moduli spaces will 
then no longer be compact. Such an extension should give rise to a proof of 



Conjecture 8.7 under hypotheses (HI) and {H2). 



Remark 8.10. The proof of Theorem shows that the result continues to 
hold if hypothesis (i?3) is replaced by the condition 



/ (maxiJt — TohiHt) dt < — min / 

Jo 2 co„s_t#^:S2^M Jg 



V Ul. 



Proof of Theorem S.S. The proof is the analogue of Gromov's argument, with 
pseudoholomorphic curves replaced by the solutions of the perturbed symplectic 
vortex equations. 

Let F := 52 X G be the trivial bundle and B := e H2{M xq EG;Z). We 
prove that 

*o - / « (48) 

for every a G f7dimA/-2dimG^^j ^^lis note that, by Lemma O, 

every solution {u,A) G C°°(5^, M) x il^{S'^,2) of the unperturbed equation (hh 
over 5^ is horizontal. Since every flat G-connection on the trivial bundle over 
is gauge equivalent to the zero connection, it follows that every solution of (0) 
is gauge equivalent to a solution of the form 

u{z) = X, A = 0. 

For any such solution and any almost complex structure J G Jq{AI, uj) it follows 
from Remark (with H — 0) that the Cauchy-Riemann operator Du^a '■ 
C°°{S'^,u*TM) -> 9P'^(S'^,u*TM) is complex linear. Moreover, the bundle 
u*TM 5^ is a direct sum of complex line bundles of degree zero. Hence it 
follows from the Riemann-Roch theorem that Du,a is surjective. Combining 



these observations with Proposition 4.7 we find that the operator Vu,Ai defined 
by (p3|), is surjective. Now consider the setup of Section [t] and let {B,£,S) be 
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the G-moduli problem defined by (g9|), (|0|), and (|4l|). Let {B,E,S) be the 
finite dimensional G-moduli problem defined by 

B := E := fi-^{T), S = 0. 

Since Vu^a is surjective for every [u,A] G 5^^(0), the obvious inclusions B ^ 
B and E ^ £ define a morphism from {B,E,S) to {B,£,S) in the sense of 



Definition 6^. Hence ( [48|) follows from the (Functoriality) and (Transversality) 
axioms of the Euler class. 

By Kirwan's theorem |]l9| , the homomorphism 

is surjective for every r e ^(G). Since /i~^(r) is nonempty and G acts with 
finite isotropy, there exists a G-invariant horizontal volume form on /i^^(T). 
This implies that there exists a G-closed equivariant differential form a G 

j^dimA/-2dimG(^^) SUCh that 



I 



i(t)/G 



Hence, by Lemma 7.1 and Theorem |7.3| , there exists a constant S > such that, 
for every metric on 5^, every J g J7g(-M, w), and every compactly supported 
Hamiltonian perturbation H e n'^{S'^,C^{M)), 

< SVoliS') =^ Mo^s-{T;J,H)^iD. (49) 

For T > choose a metric on ^ CU{cx)} such that the map [-T, T] x M/Z ^ 
C : (s, i) 1^ e2''('*+**) is an isometric embedding. Let pr : [-T, T] [0, 1] be 
a smooth cutoff function sucht that ±pt{s) > for ±s > and pt{s) = 1 
for \s\ < T — 1. Fix a compactly supported 1-periodic G-invariant Hamiltonian 
function M/ZxM ^ M : {t,x) ^ Ht{x). On the cylinder [-T, T] x K/Z consider 
the Hamiltonian perturbation Ht '■= pT{s)Ht{x) dt and extend it by zero to all 
of S'^ . The Hofer norm of the curvature of Ht is given by 

11^5 11=211/711, \\H\\:= [\m^xHt-mmHt)dt. 

Jo 

Hence it follows from (^), that 

for T sufficiently large. This implies that for T > To there exist functions 
u = UT ■■ [-T, T] X R/Z M and $ = $t, * = *t : [-T, T] x R/Z g such 
that 

d,u + X^{u) + J{dtu + X^{u) + pTis)XHAu)) = 0, , . 

a,* -5t$-f -hAi(w) -T = 0, ^ ' 
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and 

rl pT-l 



I I (\dtu + Lu^ + XH,{u)\^ + dsdt<2\\H\\. (51) 



The inequality ( plD follows from the energy identity in Proposition 2.2. Choose 
ST e \-T + 1, T - 1] such that 



l^fll 



T- 1 



Gauge transforming the solution at s = we may assume, without loss of 
generality, that 

*T(sT,t) =: ^T, ICt|<c, 

where c is the diameter of G with respect to our biinvariant metric. Namely, 
choose g : M/Z — > G such that 

9tg(t) + *(sT,t).9W -0, g(0) = ]l. 

Then write 5(1)^^ = exp(^T), where < c, and gauge transform ut and 
by the product g(t) exp(f^T)- Now (i.e. after gauge transforming) define 
XT ■■ M/Z M by 

XTit) := UTisT,t). 



Then 

nl 

/ 

T— i-oo 



lim / (^\iT{t)+L,^(^t)^T+XH,{xT{t))\^ + H^T{t))-T\^) dt^O. 





This shows that the norm of xt is bounded and so xt is bounded and 
equicontinuous. Hence, by the Arzela-Ascoli theorem, there exists a sequence 
Ti — > 00 such that XTi converges uniformly, XTi converges weakly in L^, and 

converges in g. The limit (x,^) is the required solution of (^). Since 
is contractible for every T, so is x. This proves the theorem for compactly 
supported Hamiltonian functions. The general case follows by cutting off the 
Hamiltonian function outside of /i^^(T). □ 

9 Weighted projective space 

Consider the symplectic manifold M — C" with the standard symplectic form 
and the S'^-action 

Ax = {X^^Xi, \^"Xn), 

where £1, . . . ,£n are positive integers. Then a moment map is given by 

n 

i/=i 
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Suppose that S has genus g and let P ^ S be an S'^-bundle of degree d. 
Consider the complex line bundle 

i := P X51 C ^ S, 

where 5*^ acts on P x C by 

Then the symplectic vortex equations (|^) with /i = /if given by ( p2|) can be 
written in the form 

Bau. = 0, »Fa + J2 - (53) 

where Uy is a section of i®^" for v — 1, . . . ,n and A e -4(L) is a Hermitian 
connection on L. Let us denote by M.d.,g the space of gauge equivalence classes 
of solutions (wi, . . . , u„, ^) of (|5^). The moduli space is nonempty only if 

27rd 



r > 



Vol(S) ■ 



Moreover, M.d,g has virtual dimension 

dim = 2[d'Y^l^-(n-\){g-\)\^ =: 2m. 

For d sufficiently large the dimension is positive. We write := ^% 

for the invariant in the nontrivial chamber. Let c G H^^ (C"; Z) = if^(B5'^; Z) = 

Z denote the positive generator. 

Theorem 9.1. Assume 

n 

m ^(dC - g + 1) + .9 - 1 > 0. 
Then, for a = 0, /? = c™, and 7 = pt, t/ie invariant is 
<"r(0,c";pt) = 




In the case = 1 and d > 2g — 2 Theorem 3.1 was proved by Bertram- 
Daskalopoulos-Wentworth In this case the invariant 'I'^ g''* (0, c™; pt) cor- 
responds to the Gromov-Witten invariant given by counting holomorphic maps 
u : Tj —^ CP""^ of degree d (with a fixed complex structure on E and a generic 
Hamiltonian perturbation) that pass at m distinct specified points on S through 
m specified hyperplanes in CP"^^. For a proof of this correspondence in the 
case T, = see [15 . We emphasize that in the higher genus case the Hamilto- 
nian perturbation is needed in order to destroy the constant holomorphic maps 
E CP"~^ which are not regular. If one wants to work with the unperturbed 
Cauchy-Riemann equations one has to work with stable maps. 
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Proof of Theorem 9.1. We simplify (p3[) and consider instead the equations 



9 rl 

for Ui, e ri°(I],L®^") and A e There are two ways to establish the 

correspondence between equations ( [53| ) and (|5^). One can use the action of the 
complexified gauge group and the Kazdan- Warner equation, or one can show 
that the corresponding S'^-moduli problems are homotopic. We use the latter 
approach. Consider the 1-parameter family of equations 



27rd el 1 



for < e < 1. For e = this equation is equivalent to (|5J) and for e = 1 it 
is equivalent to ( p3| ) with r = {2iTd + l/2)/Vol(S). Note, in particular, that 
X^iy ll^i'llis = 1 f'^'' every e > and every solution of (|55|). Thus we may 
formulate the S'^-moduli problems as follows. We shall not bother with Sobolev 
completions and formulate the problems in terms of smooth sections. 
Fix a point zq G S and consider the based gauge group 

go:= {geC^{J:,S')\g{zo) = l}. 




.,Un)\A€ A{L), G n^i^^L^'"), EC 11^.11^2 = 1 

The bundle TL ^ B has fibres 

Ha,u ■■= r!°'i(S, L^'O © • • ■ ® i®'") © 

over [A, u] — [A,ui, . . . , u„] G B, where rio(S) denotes the space of smooth real 
valued functions of mean value zero. The section 5^ : B — > 7i is given by 

SM, u) := (^dAU,, .^FA - ^ - | - g ) • 

With appropriate Sobolev completions this gives rise to a homotopy of regular 
S'^-moduli problems {B,T-C,Se). In fact, ifd^^ > 2(7 — 2 for every then, by Serre 
duality, is transverse to the zero section for every e and so the zero sets of Se 
give rise to a (trivial) cobordism from the moduli space of solutions of (jsj) to 
the moduli space of solutions of (p3|). In any case (even without Mi, > 2g — 2) 
it follows from the (Homotopy) axiom for the Euler class that our invariant is 
given by 

*d,"/'(c") = x'^''^'^'iT^*c"') = x^''^'^"{t^*c"'). (56) 



56 



where tt : B Xgi F,S^ BS^ denotes the obvious projection. We shall now 
compute the last term in ( |56| ) using a localization formula for circle actions and 
the index theorem for families. 

Fix a reference connection Aq G A{L) and consider the space 

:= |a e AiL) \*iFa^ ^^^y d*iA -Ao) = 

of projectively flat connections in Coulomb gauge relative to ^o- The group 

g^™' {g e C°°i^,S') I d*ig-'dg) = 0} 

of harmonic gauge transformations acts on A"^"^^ and the quotient _4couYgcoui 
is diffeomorphic to the torus T^^ (the Jacobian of degree d line bundles over S). 
An explicit diffeomorphism can be constructed as follows. Choose 2g embedded 
loops 7i , . . . , in E such that 

7i • lg+] = 1 

and 7j ■ 7j' — for j' ^ j ± g. Choose a dual basis aj :— P'D{jj) G -ff^(S) of 
the space of harmonic 1-forms so that 



J = 7j • 7, / A ag+j = 1. 
Let Z^^ gcoui : be a group homomorphism such that 

for every fc G Z^f and every j G {1, . . . , 2g}. Then the map M^s ^ _4coui . ^ ^ 
At, defined by 

2g 

At :^ Aq + 27111 jUj, 

descends to a diffeomorphism T^f ^ j\con\ j gcon\ _ ^^^^ ^-^^^ 

At+k = glAt (57) 
for t G and kel?^^ Now consider the action of Z^f on R^^ x L via 

fc-(t,[p,C]) := {t + k,[p,gk{p)-^Q]). 
This action gives rise to a universal line bundle 

L := ^ > T^^' X S. 

Z29 

For any integer fc G Z we denote by L''" = L (X> • • • (81 L the fcth tensor power of 
L. From now on we denote by t an equivalence class in T^^ = R^f/Z^^. For 
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t e T^s denote by Lf^ S the restriction of L'= to t x S. By (|7|), the bundle ^ 
is equipped with a connection and hence with a Cauchy-Ricmann operator 



Denote the topological index (as a iiT-theory class) of this family of Cauchy- 
Riemann operators by 



E := L^i © • • • ® L^" ^ T^f X S. 
For t G T^^' denote by Et the restriction of E to {t} x E and by 

the corresponding Cauchy-Riemann operator. The L^-norni of a section u € 
n°(E, Et) is given by 



where the sections e L^") denote the components of u. This gives rise 

to an 5^-moduli problem as follows. Define 

B := {{t,u) 1 1 e T^f, e r!°(E,EO, \\u\\^, = l} . 

The circle 5^ acts on B by 

X*{t,ui, . . . ,M„) := {t, A^^^Mi, . . . , A"^"-u„) 

for A G 5^ The bundle H ^ B has fibres 

Ht,„ := f}0'i(E,L^) ® • ■ • © = r!"^i(E,Et) 

and the section § : B — + H is given by 

S(t, u) := dfU. 

The obvious embeddings define a morphism from (B, H, §) to (B, ?i, 5o) and so, 
by the (Functoriality) axiom for S'^-moduli problems and (p6|), we have 



where ttb : B x 51 ES*^ BS^ is the projection. Here the action of 5"^ on B x ES*^ 
is given by X*{t, u, e) ~ {t, X^^^ui, . . . , A~^"u„, A~^e). 



5f :17"(S,Lt^)^l]"'i(E,L^). 



lAfV'' [J{t} X ker e cokeraf G if (T^s). 



Now consider the vector bundle 
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Now the 5'"'^-nioduli problem (B, H, §) satisfies the hypotheses of the local- 
ization formula for circle actions in j^, Theorem 11.1] and we get 



Here c{XJ\f'D, •) denotes the Chern series of the iiT-theory class TJ\fT> G K{T'^^). 
It is defined by 

j>o 

where index(I?) dim ker V — dim cokerP is the Fredholm index. 

The right hand side of (|5^) can be computed by means of the Atiyah-Singer 
index theorem for families (see [0). It asserts that 

ch(Z7Vl?'=) = / td(rE)ch(L'^) e i?*(T29). 

Here the Todd class and the Chern character of a line bundle L with first Chern 
class ci {L) — X are defined as 

td(L) ch(L) := 

1 — e ^ 

The Todd class of TS is given by 

td(rE) = 1 + (1 - g)cr, 

where a € i7^(E;Z) denotes the positive generator, represented by a volume 
form with respect to which E has volume one. By Lemma 7.£ , the first Chern 
class of L*^ is given by 

/ 25 

ci(L'') ^ k ^ ctj A Tj + da 
where aj = PD(7j) e and Tj [dtj] e H\T'^3-z). Let us denote by 

9 

n ■=^Tj ATg + j 

the cohomology class of the standard symplectic form on T^^. Then the Chern 
character of L*"' is given by 

= 1 + dka - fc^g A 17 + fc g., A Tj. 
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Hence 

29 

td(TS)ch(L'') = 1 + {dk + 1 ~ g)a- k^a An + k^aj A r,- 

and integration over the fibre gives 

ch{XJ\fV'')^ [ td{TT.)ch{]L'') = dk + l-g-k^n. 
Tliis implies (cf. 

ci (iMv''^ = ~k^n, cj (xAAp'^) = (iMv'^y , 

and so the Chcrn scries of XMV'' is given by 

Since the integral of fl^ /gl over T^^ is one, we obtain from ( p8|) that 

1 



1 



n „ n 

/ n \ 5 ri 



This proves the theorem. □ 

10 Seiberg— Witten invariants 

In this section we explain how the Seiberg- Witten invariants of a product 

X ^j:x s 

are related to our invariants is the case where either 5 or S is a sphere. The 
relation will be established by considering the symplectic vortex equations over 
E with a suitable target manifold Ms- The space Ms is a symplectic manifold 
with a circle action and the quotient Ms//S^ is the d-fold symmetric product 
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of S. In fact, the space Ms itself consists of (gauge equivalence classes of) 
solutions to the vortex equations over S. It is a special case of the socalled 
master space for the vortex equations constructed in Q . Here is how this works. 

Let (S, Js, dvols) be a compact Riemann surface of genus gs and L ^ 5' be 
a complex Hermitian line bundle of degree 

deg(L) = d>2gs-2. 

For a Hermitian connection A G A{L) and a section 8 G i^"(S', L) consider the 
vortex equations 

S,e = o. „f, + H!-^/jeFdv„i,.^^ (59) 



The gauge group Qs ■= C°°{S,S^) acts on the space of solutions of (^ and 
the action is free whenever O ^ 0. Fix a point xq G S and consider the 
homomorphism po ■ Gs ^ defined by 

Po(5) := exp(-C(xo))g(xo), d*d^ ^ d*{g^^dg), / ^dvols = 0. 



Its kernel is the subgroup Gso C Gs of all smooth maps g : S ^ of the form 
g = (7oexp(^), where go : S ^ is a harmonic map that vanishes at xq and 
^ : 5 — » iR has mean value zero. Thus the Lie algebra of Gso is the space of 
imaginary valued functions of mean value zero: 

Lie(foo) = ^o{S, iR) |c e ^°{S, «) J ^dvols = 
Let us denote the space of solutions of (js^) by 

Ms {(-4, 9) e A{L) x n°{S, L) A and 6 satisfy (|5|)| 
and the quotient by the action of Gso by 

A/5 := Ms/Gso- 

The tangent space of Ms at a pair (A, Q) can be identified with the space of all 
pairs (a, 6*) e 57^(5", iR) x 57°(S', L) that satisfy the linearized equation 

BaO + cP'^Q = 0, 
^^da+{Q,e)-^J^^ j^{Q,e)dY0\s^Q, (60) 

^d*a + i{iQ,e)-—^ f i(ie,0)dvols-O. 
Vol(5) Js 

Here the last equation asserts that the pair (a, 9) belongs to the local slice of 
the fJsQ-action, i.e. it is orthogonal to the GsQ-OThit of the pair {A, 6). The 
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left hand side of ( |60| ) defines a surjective Fredholm operator from ri°(S', L) © 
n^{S, iR) to n°'^{S, L) © Vtl{S, C) whenever 9^0. The condition d>2gs-2 
guarantees surjectivity also in the case 8 = 0. So in this case Ms is a manifold 
of dimension 2d+2. Unfortunately, the case d > 2gs — 2 is only interesting when 



S has genus zero (see Remark 10.5 below). If d < 2gs — 2 the space Ms has 
singularities at the points where 6 = 0. In the case d < 2gs — 2 and gs > the 
space Ms can be desingularized by a blowup construction, however this leads 
to holomorphic spheres in the ambient space Ms and so our theory does not 
apply in its present form. 

A symplectic form lus on M5 is given by 

u;s{ia,e),{a',e')) := - [ aAa'+ [ {ie,e')dvols (61) 
Js Js 



for two solutions {a, 9) and {a', 9') of (p30|). One can think of Ms as the sym- 
plectic quotient of the space of all pairs {A,Q) that satisfy BaQ = by the 
(Hamiltonian) Qso-SLCtion. The linear map 

{a, 9) {*a, i9) 



on the space of solutions of (^0|) defines a complex structure J5 on Ms that is 
compatible with ujs- Thus {Ms,ujsj Js) is a Kahler manifold. 

Now the circle acts on Ms through the constant gauge transformations. 
This action is Hamiltonian with moment map 



M.(A,e) = -^/|epdvoi, 



2Vol(5) 

The factor l/Vol(S') arises from the fact that we identify the circle with the 
subgroup of Qs of constant gauge transformations and use the standard 
metric on Lie{Gs) = f^'^(<S', iM) to define the moment map as a function with 
values in the Lie algebra, and not its dual. 

Let us recall some standard facts about the space Ms (see H, 0). There 
is a one-to-one correspondence between Hermitian connections A G A{L) and 
holomorphic structures on L via A 1-^ Ba- Moreover, the Kazdan- Warner equa- 
tion shows that every pair {A,Q) G A{L) x C°°{S,L) such that BaQ = is 
complex gauge equivalent to a solution of ( p9|) by a gauge transformati on o f 



the form g — where / : 5 — > M has mean value zero (see Proposition A. 3 ) 
Hence the space Ms can be identified with the space of QgQ-ga.uge equivalence 
classes of the space of pairs {A, 8) that satisfy BaQ = 0. For d > 2gs — 2 it 
follows from Serre duality that this is a vector bundle over the Picard variety 
of holomorphic bundles of degree d over S, Pic''(S') ^ T^f, with fibre C^+^s^ . 
The circle acts trivially on the base and by the standard action on the fibres. 

This shows that the triple {Ms, uJs, Hs) satisfies hypotheses (iJl — 3), namely, 
Us is proper, the moment map is convex at infinity, and 7r2(M5) — 0. Moreover 
every nonzero imaginary number is a regular value of us and acts freely on 
the preimage under fis- The quotient is nonempty if and only if the imaginary 
part is negative. 
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Remark 10.1. The symplectic quotient 

Ms ■.= Ms//S\^t/2Vo\(S)) 

is a bundle over T^^ with fibre CP''^^^. On the other hand, this quotient is 
the space of effective divisors of degree d on S, so Ms = Sym'^(S') is the d-fold 
symmetric product of S. 

The next theorem states that the invariants of the triple {Ms,ws, ^J's) for 
a Riemann surface E agree with the Seiberg-Witten invariants of the product 
T, X S. We denote by c G H'^{BS^;Z) the positive generator and by its : 
Ms X 51 ES*^ BS^ the obvious projection. For a nonnegative integer k ^ Z 
denote by 

the invariant in the nontrivial chamber. Let 



Ek,d 'S X S 

be the complex line bundle which has degree k over S and degree d over S, 
and denote by jk,d G Spin^(E x S) the spin"^ structure obtained by twisting 
the standard spin"^ structure 70 (associated to the complex structure) by E^^d- 
If both S and 5 have positive genus the four-manifold E x S* has 6+ > 1 and 
carries a well-defined Seiberg-Witten invariant 

S'VKsxS : Spin'=(S x S) ^ Z. 

If E or S' is the sphere then 6+ = 1, so there are two chambers for the Seiberg- 
Witten invariants. In this case we denote by SWsxs the Seiberg-Witten in- 
variant in the positive chamber, where "positive" is defined in the proof of 



Theorem 10.2 below. A result similar to the next theorem was proved in 



Theorem 10.2. Let S and T, be a compact Riemann surfaces of genera gs and 
g^, respectively, and k, d be nonnegative integers such that 

m := d{l - gs) + k{l ~gs)+dk>0, d> 2gs - 2. 

Then 

^^l^'^^0,7r*sc"^;pt) ^ SWsx5(7fe,d). 
If m < then both invariants are zero. 



Corollary 10.3 ([21, Pq]). Let S be the Riemann sphere, S a compact Rie- 



mann surface of genus gy, and k, d be nonnegative integers such that 
m:^d{l- gs) + {d+l)k>0. 

Then 



SWsxs(7m) ^(d+l) 
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Proof. Since S is the Riemann sphere the manifold Ms is diffeomorphic to 
C'*"'"^ as a Kahler manifold with an action. Hence the result follows from 
Theorem 10.2 and Theorem 9.1 with n ~ d + 1 and £i = ■ ■ ■ = I 



1. 



□ 



Corollary 10.4. Let S and E be a compact Riemann surfaces of genera gs and 
gs, respectively, and k, d he nonnegative integers such that 



■■^ d{l ~ gj:) + k{l - gs) + dk > 0, d > 2gs - 2, k>2g^-2. 



Then 



$f|'^-(0,^Jc'";pt) 



(0,7r*c'";pt), 



where Ms is associated to a bundle of degree d over S via I 
analogously, with S and d replaced by E and k. 



and Afj] is defined 



Proof. Interchange the roles of E and S in the proof of Theorem 10.2 



□ 



Remark 10.5. The statements of Theorem 10. 2| and Corollary 10.4 are only 
interesting when one of the two surfaces has genus zero. Otherwise both invari- 
ants are zero. To see this, suppose that both genera are positive. Then T, x S 
is a minimal Kahler surface with 6+ > 1. It follows (see for example [^) that 
the Seiberg-Witten invariant is nonzero only for the canonical spin^ structure 
and its dual, i.e. for d = fc = or d = 2gs ~ 2 and k — 2gs — 2. These cases are 
excluded by our hypotheses. 



Proof of Theorem 10. i. Our proof follows the argument outlined in ||6[. The 
Seiberg-Witten equations for the spin"^ structure ^k,d on X := S x 5 have the 
form 



0, 



(60,62) -0, 



(62) 



^{FB)n + ' = r, (63) 

where r is a real number, B E A{E) is a connection on E :— Ek,d, 60 G 
fl°'°{X,E), and 62 G n^-'^{X,E). Here we denote by (•,•) a Hermitian inner 
product on E, i.e. the inner product takes values in C, it is complex anti-linear 
in the first variable and complex linear in the second variable. In the last term 
the function ^l'^{X, iR) fi°(X, iR), r/ ^ 770 is defined by 

where '. X ^ T, and ps : X S denote the projections, 

n :=p*dvols +P5dvol5 e n'^{X) 

denotes the symplectic form, and * denotes the Hodge ^-operator on X. 

In the Kahler case it follows from (|6^) that either 60 or 62 vanishes. The 
positive chamber for the Seiberg-Witten invariants corresponds to the condition 

27rfc 27rd , 

">Vol(E)+Vol0S)- ^'^^ 
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In the Kahler case this condition imphes 02 = 0. 

The 5'^-moduh problem associated to equations (|6^) and (|6^) is defined as 



follows. As in the proof of Theorem 9.1 we shall not explain the (obvious) 
Sobolev completions and describe the problem in terms of smooth data. Fix a 
point {zo,xo) € T, X S and denote by Qxo the based gauge group of all smooth 
functions g : X ^ such that the restriction of g to {zq} x S belongs to the 
subgroup Qso C Gs determined by the point xq: 

Gxo {5 e X S,S') I e Gso} ■ 

Then the base is the quotient 

gsw {(B, Qo, 02) £ A{E) X n^jX, E) X n°^\X, E) \ ^ 

Gxo 

the bundle -> is given by 

^B^"^ x{n^'\x,E)®n^^\x)) 



Gxo 

and the section : ^ 6:^^ is given by 

Oo, 62) (9560 + 91^62, - (60, 62) 

With appropriate Sobo lev completions this is a regular S'^-moduli problem in 
the sense of Definition O and the Seiberg-Witten invariant can be expressed 
in the form 

i^SW t-SW r-SW 

SWexs(7m) = x'' ' {^*swn. 

where m = d(l - gs) + ^(1 - 9s) + dk, ttsw ■ ^B^^ x 51 ES^ BS^ denotes the 
projection, and c S H'^{BS^;Z) is the positive generator. 

Now let us examine the symplectic vortex equations with values in Ms ■ Let 
P — > E be a principal S'^-bundle of degree k. Consider the associated bundle 

Lp := P Xgi C ^ E 

and denote by 

Ep := p^Lp ® p*gL 

the corresponding bundle over X ^ x S , where : X ^ T. and ps '■ X ^ S 
denote the projections. In explicit terms it can be represented as the quotient 

P X L 

Ep := ^1 , A*((z,p), (a;, v)) := ((z,_pA), {x, X^^v)). 

This vector bundle has degree k over E and degree d over S and hence is 
isomorphic to E. Henceforth we shall drop the subscript P and write E :— Ep. 

The space A{P) x C^^{P,Ms) embeds into the space A[E) x n°[X,E) 
as follows. A connection Ay, on P determines a connection p^Ay: on p^Lp. 
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An S'-'^-equivariant function u : P Ms consists of an S"^ -invariant function 
A : P ^ A{L) and an S'^-equivariant function 9 : P ^ ri°(S', L). The latter 
can be interpreted as a section of E and the two connections together determine 
a connection 

PsAs ® 1 + l®p*sA e A{E). 

To understand this correspondence better let us choose holomorphic local co- 
ordinates s + i<£?7cConI] and a trivialization of P along this coordinate 
chart. In such a trivialization the connection Ay, has the form $i ds + dt 
where $i, : C/ ^ iR. The function m is a map U A{L) x rt°{S, L) denoted 

by 

U -> A{L) : (s, t) ^ A{s, t), U ^ n"{S, L) : (s, t) ^ Q{s, t). 

The corresponding connection on E is given in this local frame by A{s, t) + 
^i{s,t)ds + 'i>i{s,t)dt. The pair {Ay,u) satisfies equation (|l]) if and only if 
there exist functions $0, ^0 : t/ ^ ^o('^' such that, for all s and t, 

dsQ + ($0 + $i)e + i {dtQ + (*o + *i)e) 
dsA - d^o + *s{dtA - d*o) 

*s.F. + i|eP-^/^|epdvoi. 
A-(a.*,-a.<i>,)-^/jepdvoi. 

Here *s denotes the Hodge ^-operator on S and A : [/ — > (0, 00) represents the 
volume form ds A dt on S. The factor in the last term arises from the 
Hodge ^-operator on S. The functions $0 and ^Po are needed to project the 
terms in the second and third equation onto the quotient by the gauge group 
Gso- Let us abbreviate 

$:=cE>o + *i, \I':=*o + ^'i. 
Then ( |65|) can be written in the form 

dsA-d^ + *^s{dtA-d^) 

*s.p. + i|eP-^/^|epdvoi, 

(cf. 1^). Now consider the connection 

B A{s, t) + $(s, t) ds + *(s, t) dt 



0, 
0, 
0, 

2TTd 

Vol(5) ' 



(65) 



27rd \ 
\o\{S) ) 



= 0, 
= 0, 

^ 0, (66) 
_ 27rd 
Vol(S') ' 

^ " Yo\{S) 
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on E and think of G as a section of E. Then the first two equations in ( pq ) are 
equivalent to BbQ = 0. The curvature of B is the 2-form 

Fe^FA + dsA {d^A - d$) + dt A {dtA - d*) + (3,* - 9*$) ds A dt. 

The third equation in ( |66| ) asserts that i^]^'^ = 0. Tlic last two equations can be 
written in the form 

f _ „ , . . 1 



■ / (a.^- - (9t$) dvols + 't'siFA 
Js 



Vol(5) Js' , o . o ^ , 2 

or in terms of the connection B 

1 f . . , . . le 



Vol(5) 



/ + A dvols) + ^ = r. (67) 



Here the integral denotes integration over the fibre. Hence a pair G 
^(P) X C'^i{P, Ms) satisfies the symplectic vortex equation if and only if 
the corresponding pair (-8,0) G A{E) x f2°(X, £') satisfies equation (|6^ ) and 

= 0, = 0. (68) 

Integration of equation ( |67| ) over E yields 

erdvols = T. 



Vol(E) Vol(5) 2Vol(S]) 

If(3j) holds then O 7^ for every solution of (^7|). Hence equations ( |67| ) and 
(|68) give rise to an 5^-moduli problem as follows. The space is the quotient 

go {(g,e)e^(£;)xi]0(x,i;)|(|g)} ^ 
Gxo 

the bundle ^ B'^ is given by 

^0 _ B°xn°-^{X,E) 
Qxo 

and the section 5° : ^B" — + f ° is 



Since 7^ the first equation in (|6^) implies the second equation. Hence the 
zero set of 5" is the space of gauge equivalence classes of solutions {B,0) of ( |67| ) 
and (|68|). 

At first glance 5° doesn't look like a Fredholm section. Note, however, that 
<S'' is a two-dimensional Cauchy-Riemann operator in disguise. The condition 
BbQ = assserts, at the same time, that the restriction of {B, 6) G S° to every 
slice {z} X S belongs to the finite dimensional manifold Ms and that, as a func- 
tion P Ms, this map is a solution of the (two dimensional) symplectic vortex 



67 



equations. Hence, with appropriate Sobolev completions, the triple (B", 5") 
is a regular S'^-moduli problem and 

where ttq : ;B'' X51 ^ 65^ is the projection. 

A morphism from {B°, S°,S°) to (S^w, f sw^ ^SW) defined as follows. 

The group of complex gauge transformations g : X — > C* acts on the space of 
solutions of via 

g*{B, e) {B + g-'dg - g~'dg, g-^Q). 

Given a pair (i?, 9) G S", we look for a complex gauge transformation of the 
form .9 = e^, where / : X ^ R, such that the triple (B/, 9/, 0) := (e-'')*(-B, 9, 0), 
given by 

Bf = B + df-df, 9/ = e--^9o, 

satisfies equation 

9 '1^ 

A short computation yields 

2iddf = -d|;ds/dvols - dgdsfdvols, 

where ds : ^"(S) n^{S) and ds : ^ are_the respective dif- 

ferentials and d*g and d^ their L^-adjoints. Therefore {2iddf)n = —d*df, and 
equation (|6^) for (_B/, 9/,0) is equivalent to the Kazdan- Warner equation 

-d*df + = r- i{FBh. 

It follows from the theorem of Kazdan and Warner ( , see also Appendix ^ 
that this equation has a unique solution / whenever 

1 f . 27rfc 27rd 

Vol(S])Vol(5)isxs*^''°^ " Vol(E) ^ Vol(5) 

(see (|64|)). So we have constructed a map 

go ^^sw . (^^0) ^ (B/,9/,0). 

We claim that the image of this map is the submanifold of all triples of the form 
(B,9,0) e S^w. 

A left inverse B° can be constructed as follows. Given a triple 

(5,9,0) G gSW must find a complex gauge transformation of the form 
g = e-f , where / : AT — > R, such that the pair {Bf,<df), given by 

Bf ■.= B + df-df, Qf.^e-fQ, 
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satisfies m 



Vol(5) 

This translates into the equation 



/ *iFBf + *i{FBf A dvols) + 
Js 



d^h - d*sdsf + e"'^'^ = T - ^ HFb - *i{Fb A dvols), 



where 



s 



By Theorem |A.1| of the appendix, this equation has a unique solution / G 
C°(S, VF^'^(S')). If S and are smooth one checks easily that / is smooth. This 
shows that for every pair {B, 0, 0) G B^'^ there exists a unique complex gauge 
transformation of the form g = such that g*{B,Q) € That this map is 
a left inverse of the map S° — > follows from the uniqueness statement in 



Theorem A.l: Let (-8,0) S B'^ and g = be a complex gauge transformation 



such that g*{B, 6) G B'^. Then / satisfies the equation 

ie|2 \e\ 



d*M^-d*sdsf + e-^f^- 



and / = by uniqueness. 

It follows that the map B^ gsw (^ggnes an embedding of Frechet manifolds 
and lifts naturally to an embedding of £^ into which intertwines the two 
sections and idenitifies the kernels and cokernels of the linearized operators along 
the zero set of S'^ . The proof of M, Theorem 7.4] shows that there exists a finite 
dimensional reduction {B^ , , S^) of {B*^,£^,S'^) in the smooth category (not 
involving Sobolcv completions). The composition of the inclusion B'^ — )■ B'^ with 
the inclusion S° ^sw (^a,nd of their lifts to the vector bundles) now defines 



a morphism of S'^-moduli problems as in Definition 3.2. With this established. 



the result follows from the (Functoriality) axiom for the Euler class. □ 



Remark 10.6. There should be an analogue of Theorem 10.2 in the case where 
the product E x S" is replaced by a topological Lefschetz fibration X ^ on. 
a symplectic manifold ^, ^. Here E should be replaced by S*^ and S by the 
generic fibre of X. To carry this out one has to overcome several major technical 
difficulties. The interesting case is where the degree d of the bundle over the 
fibre satisfies d < 2gs — 2, and so the space Ms has singularities. Moroever, 
one has to deal with the singularities of the fibration as in ||lO| . In addition, the 
complex techniques with the Kazdan- Warner equation only work in the Kahler 
case. In the nonintegrable case the correspondence between the Seiberg-Witten 



equations (62), (63) and the symplectic vortex equations (67), {p8\j is much more 



subtle and requires a hard adiabatic limit analysis as in the proof of the Atiyah- 



Floer conjecture |11 or as in pa (see [pOl for an outline of the Seiberg-Witten 



analogue). If this program can be carried out then, combined with the work 
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of Donaldson-Smith in |Q, it might lead to an alternative proof of Taubes' 
theorem |3^, ^ ^ about the relation between the Seiberg-Witten and the 
Gromov invariants. 



A The coupled Kazdan— Warner equation 

Let (S, Jsjdvols) and {S, Js,dyols) be compact connected Riemann surfaces. 
Fix a constant p > 1. Given a function u E L^CS x S) we define us G LP(I]) by 

^=vor(^//("'')^"°^^ 

for z G E. In the following we shall denote by ds ■ fl'^{S) and 

ds ■ r2°(S) — > r2^(S) the respective differentials and by d*g and d^ their L^- 
adjoint operators. 

Theorem A.l. Let p > 1 and f,heC"{T,x S) such that 



h>0, / h>0, / />0. 

Then there exists a unique function u £ C*'(E, such that u-^ £ VK^'P(E) 

and 

d^dsus + dgdsu + e^h = f. (69) 



Moreover, if h and f are smooth then so is the unique solution m o/ ([6, 

The proof of the theorem is based on a lemma and two propositions. 

Lemma A. 2. Let S be a compact Riemann surface. Then there exists a con- 
stant cs > such that the following holds. Let p > 1, C > 0, and < a < A. // 
h G C°{S) and u G W^^v{S) satisfy 

h>0, hn-.^ [ hdvols >0, 
Vol(5) Js 

and 

a-e'^h<d*sdsu<A- f-^{e'')h (70) 
almost everywhere, where f{r) := re'~^^ , then 

A\ A 



Proof. Assume first that u and h are smooth. Choose cs > such that 

[vdvols^O =^ 2\\v\\^^ <cs\\d*sdsv\\^^ 
Js 
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for every v G C°°{S). Let v € C°°{S) be the unique solution of the equation 

dgdsv = h — ho, V dvols = 0. 

Js 

Since \\h — /iqUloo < ||/i||i:,oo it follows that 



maxv — minv < cs ||/i||j;,oo • 
Now fix a constant £ > and denote 

A + s 

We ■■= — V + U. 

ho 

Choose Xe & S such that We{xe) = supg We- Then 

< d*gdsWe{Xe) 

A + e 

-d*gdsv{Xe) + d*gdsu{Xe) 



< 



ho 

^ (HXe) -ho)+A- hiXe)r' (e"(-=)) 



It follows that h{xe) > and /"^ (e"("=-)) < {A + e)/ho. Since / is strictly 
monotone, this implies 

Since We{x) < We{xe) for all a; G 5 it follows that 

u{x) < u{Xe) + ^ {v{Xe) " v{x)) 

tlo 

(A + e\ A + e( . \ 

< log — ; H ; C + max v — mm v 

~ \ ho J ho \ s s J 

This holds for every £ > and every x G S. Hence 



A\ A 
's"~~"°\hoJ ho 



supM<log( — ) + — {C + cs\\h\\^^). 



To prove the first inequality we choose Xo & S such that u{xo) = infg u. Then 

> d*sdsu{xo) > a - e"(^°)/i(a;o) > a - e"(^°) ||/i||ioo 
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and hence 



inf u = u{xq) > log 



This proves the lemma in the smooth case. 

Now suppose that h £ C^{S) and u S W'^'P{S) satisfy the hypotheses of the 
lemma. Then u is continuous and (70) shows that dgdsu G L°°{S). Choose 
sequences —> a and A^, — > A such that 

0<a^<a<A< A^. 

Then there exist sequences of smooth functions u^,hi, G C°°{S) such that h^, 
converges uniformly to h, converges to u in the VF^'^'-norm, hi, > 0, and 

- e^-K < d*sdsu^ < A^ ~ r^{e^"K). 

To see this, we may first choose a sequence w^, G C°°{S) converging to dgdsu in 
the LP norm and satisfying a^, — e"/i < < A,y — /"^(e"/i). Then define u^, as 
the solution of the equation d*gdsUy = Wi, with Jg{ui, — u) dvolg — and choose 
any sequence h^, G C°°(5) converging uniformly to h to obtain the required 
estimate for u^, and h^. It then follows that u^, and hi, satisfy the hypotheses 
of the lemma with a and A replaced by Ui, and A^, respectively. Hence they 
satisfy the conclusion and so the required estimate for u and h follows by taking 
the limit — > oo. □ 

Proposition A. 3. Let p > 1. For every t G M and every h G C"{S) such that 
h >0 there exists a unique solution u G W'^'P{S) of the equation 

d*sdsu + e-h=^^ e-h dvol,, ^ u dvol, = t. (71) 

Moreover, ifhe W'''P{S) for some integer k>l then u G W''+^'P{S). Ifkp>2 
then the map {h,t) ^ u which assigns to each pair {h, t) G W'''P{S) x M that 
satisfies h > the unique solution u G W'''^'^'P{S) of ({7^ ) extends to a smooth 
map between open subsets of Banach spaces. 

Proof. The proof has three steps. 

Step 1. For every p > I and every c > there exists a constant Cp > such 
that, if h e C°{S) and < G M satisfy 

h>0, '^0'-=^^^ J^'^^''''^s>K \\hh^<c, \t\<c, (72) 



then 

for every solution u G W'^'P{S) of ([7 



W2,p ^ Cp 



Let M be a solution of (71) and denote 

1 

° Yo[{S) 



e"ft-dvols. 
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Then, by ( |72| ) and Lemma |A.2| with C = and A = a, we have 

ccsa 



log(^)<.<log £ 



■ c / V ^0 / ho 

Integrating the first inequahty over S gives 



and hence a < ce^. Moreover, 

u ^ ^ ccsa/hn ^ c^csa ^ 2 c c^cse^ 

e < — e ^ ' " < ace < c e e 

Hence e" satisfies a uniform upper bound, depending only on S and c. Hence 
there exists a constant c' = c'(c) > such that \\dgdsu\\L-x < c' for every 
solution of (|7l|). Since Vol(5)^^ wdvolg = t E [— c, c], Step 1 follows from 
elliptic regularity for the Laplace operator on S. 

Step 2. Consider the Banach spaces 

X -.^W'^'^iS), y:=Ll{S)x% 

where L^{S) denotes the space of -functions on S with mean value zero. For 
h e C°{S) define Th ■ X ^ y by 



Th{u) := [d%dsu + e'^h- ——— j e"/i dvols, — — — ■ / wdvol, 



\o\{S)Js ""¥01(5) 



s 



If h > then the differential d!Fh{u) : X ^ y is a Banach space isomorphism 
for every u € X. 

The differential of Th is given by 

dMu)^ - {dsds^ + ^'''^^ - ^ I -^^^ dvol., ^ e dvol.) . 

Hence dJ-h{u) : A" ^ 3^ is a Fredholm operator of index zero. Multiplying the 
first component of dT^ (u)^ by ^ and integrating over S we find that the kernel 
of dTh{u) consists of all functions ^ G W'^'P{S) that satisfy 



/ MsCi' dvols + / e"ft lei' dvols = 0, / ^dvoL 
Js Js Js 



0. 



Hence dJ-h{u) is bijective whenever /i > 0. 
Step 3. We prove the proposition. 



If /i = then every solution of ( |71| ) is constant and hence u = t is the only 
solution. Now assume /i = 1 and let u G W^^^p^^') be a solution of @. Then 



d*sdsu + e" = 7777^ / dvol, 



Vol(5) 



is 



s 
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and hence, by Lemma 



■is- 



s 



This imphes e" = constant and hence u = t. Thus we have proved the existence 
and uniqueness statament in the cases h ~ and h = 1. Now let h G C°(S') be 
any nonnegative function such that Jg hdvols > 0, and define 

he := (1 - e)h + e. 

We prove that the number of solutions of (^ij) with h replaced by is indepen- 
dent of e. To see this consider the set 

M := |0 < £ < 1, u G W^'P{S), ThM) = (0,i)} . 

By Step 2, this set is a smooth 1-manifold with boundary and the projection 
M. — ^ [0, 1] : (EjM) £ is a submersion. That M. is compact follows from the 
fact that, by Step 1, there exists a constant Cp > such that 

(£,-u)eA4 => \\u\\^2,t,<Cp. 

Hence every sequence {ei,Ui) e Ai has a subsequence such that Ui converges 
in C^{S) and £i converges. Hence, for this subsequence, e^'/ig. converges in 
C^{S) and so, by elliptic regularity for the Laplace operator on S, Ui converges 
in W'^''P{S) (for any p > 1). Thus Ai is compact and so the number ^Tf^^{0, t) 
is independent of £ G [0, 1]. For £ = 1 this number is one and this proves the 
existence and uniqueness statement. That h G W'''^ implies u e VK'^+^'P follows 
from elliptic regularity for the Laplace operator. That the map {h, t) t-^ m is 
smooth follows from the implicit function theorem and Step 2. □ 

Proposition A. 4. Let a > and 7i C C''(S x 5) be a compact set such that 
h > for every h Cz Ti. Then there exists a constant S = S{Ti, S,TC, a) > 
such that the following holds. If p > 1 and u G C''(E, M^^'P(S')) satisfies G 
VF2,p(J]) and 

d^^d-^UY: + dgdsu + e"/i = a (73) 
for some h Cz Ti. then d^d^uj: is continuous and 

6hs < a — d^d^UY, < S^^ sup h, 6<e"<S^^. 

s 

Proof. The proof has three steps. 



Step 1. Let cs he the constant of Lemma A.i and choose c > such that 



hen ^ WHl-- < c- 



Define f : [0, oo) ^ [0, cx)) by f{r) := re""^''. Th 



en 



f ^{e")hs < a ~ d^d^u^ < e^ snp h 

s 
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for every h £ Ti, and every solution u of ^ 
Integrating (^) over S we obtain 

a - d*^dsus = TT^Wv / e"/idvols > 0. 
Vol(5) Js 

In particular, d^d^us is continuous. If /i|{z}xs = then a — d^d^uj:{z) and 
hs{z) = 0. So the assertion of Step 1 holds trivially at the point z. If /ijj^jxS ^ 
then a — d^dsusiz) > and so the restrictions of h and u to {z} x S satisfy the 
requirements of Lemma A.2 with C = and a — A replaced by the constant 
a — d'^d^u^{z) . Hence 

f a ~ d*^dT.UT.\ fa-d*^d^u^\ ccs {a - d^d^uj:) 

log ^ — < w < log f + . 

V supg/i J V / /is 

This implies the assertion of Step 1 in the case h^{z) ^ 0. 
Step 2. There exists a constant S = S{'E, S,Ti., a) > such that 

S < e"^ < S-^ 



for every h E Ti and every solution w o/ (|7. 
By the proof of Step 1, we have 

(a-d*y^d^u^\ fa-d^d^u^\ ccs (a - d^d^u^) 

log < -"s < log ' ' ' 



whenever h^{z) > and hence 

a - ce"^ < d^t^sus <a- /"^(e"^)/is- 



Hence us S W^'^CS) satisfies the second inequality in ( |70| ) with A — a, C — ccs, 
and h repla ced by /is- It satisfies the first inequality with h replaced by c. Hence, 
by Lemma 



/ax ^ aVol(S) ^^ , c(c5 + cs)aVol(I]) 

log - < Us < log ' ' ' 



Jj. /lE dvols / /j. ft-s dvols 

This proves Step 2. 

Step 3. prove the proposition. 

For h E Ti, and z G S denote by ft-z : S* ^ M the function hz{x) := h{z,x) and 
let 7?i, : M ^ W'^'P{S) be the map which assigns to every t G M the unique 
solution u ~ Th^{t) S W'^'^S) of with h replaced by hz. Then every 
solution u : S X ^ M of ( [73[) satisfies 

u{z, ■) = T;,^(ms(z)). 
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By Proposition the map H x T, x R ^ VV^'PiS) : {h,z,t) Th^t) is 
continuous. Since Ti is compact it follows that there exists an e > such that 

hen, zeE, S<e'<S-^ => ll^h.WllLoo(s) < |log(e)|. 



This implies e < e" < e ^ for every h & H and every solution u of (|73|). The 
inequality for a — d^d-^UY: now follows from Step 1. □ 



Proof of Theorem A.l. The proof has four steps. 

Step 1. It suffices to prove the theorem if f is constant. 

Let € W'^'P{T,) be a solution of the equation 

dhd^VY = f^-a, a:^ dvol^, 

and let v e C°(E, be the unique solution of the equation 

d*sdsv = f-f^, ^ dvol5 = VY. 

This equation is understood pointwise for z G S. Then v is continuous and 

d'^d^VY + d*gdsv ^ f - a. 

Note that if / is smooth then so is v. Moreover, u is a solution of j?^ ) with h 
replaced by e^h if and only if u + w is a solution of (|6|). 

Step 2. Lethe C°{S) such that h > and define fh'.R^R by 
^'^(^)-Vok//"'^^^°^- 



where u G W'^'P{S) is the unique solution of (71). Then f'i^(t) > for every 
t G M with equality if and only if h = 0. 

Let u G W'^-P{S) be the unique solution of @ and ^ G W^'PiS) be the unique 
solution of the equation 



1 

Vo[{S) Js^ Vol(5) 



d*gds^ + e"/ie = TTTTTTTT / e^/i^dvols, TTTTTTTT / C dvolg - 1. 



Then 



Equality implies that ^ = 1 and h = 0. 

Step 3. Given a nonzero continuous function h : 'E x S ^ [0, cxd) define 
■■ W^^P{E) by 
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for z e S, where h, •) 6 C°{S). Then dThiu^) : T^2,p(5]) Lp(S) is a 

Banach space isomorphism for every € Vl^^'^(S). 

This follows directly from Step 2. 

Step 4. We prove the theorem. 

By Step 1 we may assume f = a. Assume first that h = 1. We claim that 
in this case u = log(a) is the only solution of (|7^). To see this, note that, by 



Proposition A. 3, the restriction of u to each fibre {z} x S is constant, hence 
u = and d^d-^uj: + e" = a, and hence, again by Proposition [A.3| , u — = 
log(a). Now let h ^ C'^(I] x S") be any nonzero nonnegative function. Note that 
^h{u^) = a iff u is a solution of (|7|). Define /i^ G C°(ExS') hy := {l-e)h+s 
and consider the set M C [0, 1] x W^''p{Y,) given by 

M {(e,?is) |0 < e < 1, e W^'P{J:), ThA^^) = a} ■ 

By Step 3, this is a 1-manifold with boundary and the projection M [0, 1] : 
(e. Us) I— > e is a submersion. To prove that A4 is compact note that, by Propo- 



sition A. 4, there exists a constant c > such that 

||us|lvK2-p < c 

for every G A^. Hence every sequence {ei,Ui) G A1 has a subsequence 

such that Ei converges and Ui converges in C''(S). The equation 

d*^d^u,{z) + fh,^,A'^i{z)) = a 

now shows that Uj converges in W'^'^CS). Hence is compact and so the 
number #JF^^(a) is independent of e. For e — 1 we have seen that this number 
is one. This proves the existence and uniqueness statement. 

Now suppose that ft. is smooth. Then the function E x K M : {z,t) i-^ fh^{t) 
is smooth and hence, by a standard elliptic bootstrapping argument, the unique 
solution Us : E — > M of the equation 

d'^dT.UT.iz) + fhAuT.{z)) = a 



is smooth. Hence, by Lemma A. 2, the unique solution u : E x 5 ^ M of the 
equation 

d*sdsu + e-h = ^ 1^ e^'ftdvol,, ^ |^ udvol, = us, 
is smooth. This proves the theorem. □ 

B The local slice theorem 

Let G be a compact Lie group and P ^ A be a principal G-bundle over a 
compact n-manifold X. For p > n/2 denote by Q''^+^^p — (^*''+1'P(P) the space 
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of all T1^'^+-'^'P-sections of the bundle P Xad G X. Fix a smooth reference 
connection A € A{P) and denote by 

A^'P{P) := {i + a I a e W^'PiX, T*X ® 0p)| 

the space of 14^^'''-connections. This space is independent of the connection A. 

Theorem B.l. Let p,q be positive real number such that 

n np . 

q > p > —, q > n, tj p < n then q < . (74) 

2 n — p 

Then, for every Aq G A^^'^lP) and every positive constant cq, there exist positive 
constants c and S such that the following holds. If A A^'P{P) satisfies 

P-^olUi-p <co, \\A-Ao\\^,<5 
then there exists a gauge transformation g G Q'^''f{P) such that 

dXig*A-Ao)^o 

and 

\\g*A-A\\^, <c\\A- AoW^,, \\g* A ~ A\\^,., < c P - ^oIIh/lp • 
Lemma B.2. Let p, g, r be positive real numbers such that 

1111 

r < p, r < q, — \ — < \ — . 

p q n r 

Then there exists a constant c > such that 

WfgWw^.r < c||/||^yi.p ||.g|lvvi,, ■ 

for f,g G C^(IR"). In particular, this holds when p and q satisfy (j^j and 
r = p. It also holds when p = q = r > n. 

Proof. By Holder's inequality and the product rule, we have 

If g > n the Sobolev embedding theorem asserts that the L^P^'-P^^^-norm of g 
can be estimated from above by the W^'^-norm. The same holds for q = n since 
then it follows from the hypotheses that p > r. li q < n we have r < p and 

rp f 1 l\ ^ ^ / 1 nq 



p — r \r p J \q n J n — q 

and hence the L''^'/*^^'^''-'-norm of g can again be estimated from above by the 
W^''^-norm. Similarly, the L''''/(''^'')-norm of / can again be estimated from 
above by the M^^'^-norm. □ 
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Lemma B.3. If A G A^'^{P) and p > n/2 then the following holds for every 
r > 1. 

(i) If p < n assume in addition r < np/(n — p). Then the operator dA '■ 

W-^''"(X, gp) — > L^{X,T*X ® Qp) is a compact perturbation of d^. Simi- 
larly for d*^ . 

(ii) Forr < p the operator dA ■ W'^'^{X,Qp) W^'^{X,T*X®gp) is a compact 

perturbation of d^ . Similarly for d\ . 

(iii) For r < p the operator d*j^dA ■ W^'''(X, gp) L'^{X,gp) is a compact 
perturbation of d*^d^. 

Proof For ^ £ gp) and a G fl^{X,sp) we have 

dA^-d^^^[{A-A),^], d\a-d*^a^*[*{A^A)Aa]. 

Assume first that p < n. Then r < np/{n — p) and hence there exists a real 
number s > 1 such that 1/s + {n — p)/np = 1/r. Since 2p < n it foUows 
that s < nr/{n — r) whenever r < n. Hence the Sobolev embedding theorem 
asserts that the inclusion W^'^ {X, gp) ^ L''{X,gp) is compact. It also asserts 
that A- A e L"P/^"-P^X,T*X (g> gp) and hence, by Holder's inequality, the 
operator L"(X,0p) ^ U{X,T*X ® Qp) : ^ ^ [{A - i),^] is bounded. Hence 
the composition with the inclusion W^''' ^ is compact. lip>n choose any 
number s > r such that the inclusion W^''^{X, qp) ^ L''{X, qp) is compact and 
use the fact that A- Ae L"/'""'^) {X, T*X <Si flp). This proves (i). 
We prove (ii) . By Lemma |B.2| the operator 

W^'^iX, sp) ^ W^'^iX, T*X ® gp) : e ^ [{A - i), C] 

is bounded whenever r < p, r < s, and 1/p+l/s < 1/n+l/r. Ifr > n then 
p > n and we may choose s = r. If r < then, since 2p > n, we have 

1 n — r 1 1 

- H < - + - 

p nr n r 

and hence may choose s such that r < s < nr /(n~r). In either case the Sobolev 
embedding theorem asserts that the inclusion W^'^{X,qp) ^ M^^''*(X, gp) is 
compact. This proves (ii). Assertion (iii) follows directly from (i) and (ii). □ 

Lemma B.4. Suppose p and q satisfy |?^ and let A G A^'P{P). Then there ex- 
ists a constant c — c{A) ~ c{A,p, q) > such that, for every a G W^'P(X, T*X® 
Qp), there exists a ^ G W^'^lX^Qp) such that 

d*AdA^ = d*Aa (75) 

and 

UWw^.P <c\\d\a\\^p , UWw^., <c\\a\\^,. (76) 
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Proof. Let r := q/{q — 1) so that 



1 + 1 = 1. 
q r 



By Lemma B.3, the operator cIa '■ W^'''{X, gp) — > T*X®gp) is a compact 

perturbation of for s = q and s ~ r. Let 

W^-i'«(X,gp) := (W^i-'-(X,0p))* 

and denote by d\ : L«(X,T*X ® gp) ^ VK"i''?(X, gp) the dual operator of 
dA ■■ W^^'-iX, gp) ^ U{X, T*X (g) gp). Then 

d^d^ : gp) ^ W^-i^H^, 0P) (77) 

is a compact perturbation of d*^d^ and hence is a Fredholm operator of index 
zero. Likewise, it follows from Lemma |B.3| that the operator 



d\dA : W^^P{X, gp) ^ LP(X, gp) (78) 

is a compact perturbation of d*^dj^ and hence is also a Fredholm operator of 
index zero. The operator (|7^) is a natural extension of ([78|). Taking the L^- 
inner product of d\dA^ with ^ for ^ e W'^'^{X,qp) we see that the kernel of ( [78| ) 
is the finite dimensional subspace 

A) ker C iy2,P(x,gp). 

The operator ( [77| ) has the same kernel, because every ^ e gp) with 

= lies in W'^'P{X,qp). Choose a complement E' of A) in the 

Sobolev space W^i'«(X,gp). Then 

E -.^ E' nW^'P{X,Qp) 

is a complement of H'^{X,A) in gp). Let F' denote the image of the 

operator d\ : T*X ® gp) VK"i^«(X, gp) and F denote the image of the 

operator d^ : W'^'P{X,T*X(g,5p) -> LP{X,sp). TheiiH°{X,A) C 
annihilates F' and is i^-orthogonal to F. Moreover F' contains the image of ( J17\ ) 
and F contains the image of ([78|). Hence, for dimensional reasons, F' is equal to 
the image of ( |77| ) and is equal to the image of (|7^). Thus d\dA is a Banach 
space isomorphism from E to F and extends to a Banach space isomorphism 
from E' to F' 

Now let a e W^'P{X,T*X gp). Then d^a G and hence there exists a 
unique ^ E that satisfies (75). By the open mapping theorem, this solution 
of ([Tq) satisfies 



UWw^.. < {d*AdA)-' r>^^,\\d 



W2,p ^ \\\"-A"'A) \\c{F.E) II"A"^I|Lp • 

Since ^ G £" it also satisfies 

UWw^,, < \\idAdAr^\\^(^p, E,^ \\d*Aa\\^-i.^ 
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Now 



\\d\a\ 



sup 
sup 

>)#0 



< sup - 

< cllal 



{dAV, a)L^,Li 



where the constant c depends only on A and r. Hence ^ satisfies d79). 



□ 



Lemma B.5. Suppose p and q satisfy (74) and fix a constant cq > 0. Then 
there exists a constant c — c{cQ,p,q) > such that the following holds. If 
^ € W'^'^(X,gp) satisfies ||^||^2,p < cq then, for every A G A^'P{P), we have 



\\eMO*A-A^dAa 



< c 1 



||exp(OM-^||^,,, <c(H 
||exp(e)M-^||^, <c(l + 



A- A 
A- A 
A- A 



nn-p 



IICllvF^.p ' 
IICIIlvi'-J ■ 



Proof. The function a{t) := exp(f^)*^ — A satisfies the differential equation 
a{t) — dA^ ~ [C, OLit)\ and q;(0) = 0. Hence 

°° ('_iUifc+i 



fc=0 



(fc + 1)! 



and hence 



Now 



(-1)' 



exp(0*A ^A-dAi = Y. 7rXTTT^^(^)'^-4e 



(79) 



LI 



U-A),^] 



A- A 



Lt 



m 



Li 



and, by Lemma |B. 

WdA^Ww^.P 



< 
< 



I'^A^Ww^-P 

l^A^Ww'^'P 



A- A 



w^-p 



WiW 



U~A),i\ 
A- A 



< c" 1 



A- A 



W^'P 



IICIIvF^.p 



W^'P 

miw^.i 



Hence the assertion follows from (|79|) and Lemma p 



□ 
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Proof of Theorem B.l. The proof is by Newton's iteration. 



Step 1 Fix a connection Aq £ A^'P{P) and a constant cq > 0. Let c{Aq) be 
the constant of Lemma B.4 with A replaced by Aq. Then there exists a constant 



ci = ci{Ao,co) such that the following holds. If A £ A^'P{P) such that 

11^ - ^oIIm/i.p < Co 

and ^ G W^'P{X, 2p) is a solution of the equation 

d*A„dA„^ ^ d^iAo - A) 

such that 

UWw^.. < c{Ao) \\dX,{A - Ao)\\^, , IICII^,,, < c{Ao) \\A - Aoh, 
then g := exp(^) and Ai := g*A satisfy 



(80) 



1^1 - ^oIIl, + \\d*AMi " ^o)|Lp < ci \\A - AoW 



(81) 



Pi -^oIIh/i.p < ci \\A-Ao\\^vi.^ 

By Lemma B.3 and (|80|), we have 

UWw^.p < C2 \\A - AoW^i,^ < coC2. 

for some constant C2 = C2{Ao) > 0. Now let C3 be the constant of Lemma 
with A replaced by Aq and cq replaced by C0C2. Then 

\\A,-A\\^,,, = \\g*A-A\\ 

' Ml 



(82) 



B.5 



< C3(l 



A- A 



< C2C3 [I + Co 

< C4\\A~Ao\\^yl, 



Ao~A 

W^'P 



\\A-Ao\\^,.^ 



for some constant C4 = c^^AqjCq). This proves (82). Similarly, 



\\A^-A\\^,<c,\\A-A 



for 



some constant C5 = c^^Aq, cq) 

Now ^i^TiQirlpr f/hp irlpntif^T" 



— u — u \ — U ) 

consider the identity 

dXiA,-Ao) = dX{g*A-Ao) 

= d*^^{g*A-A) + d\^{A-Ao) 

= dX{g*A- A-dA„0 

= dX(g*A-A-dAO+d*AM-A^)^i]- 
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We have 

d\[{A - Ao) A e] = [d*AM - Ao) A + *[dA,i A - ^o)]. 
Let r :— qp/ {q — p) so that 

1 11 

q r p 

li p < n then r < np/(n — p) and hence there is a Sobolev embedding W 
W-^'^ . For p > n such an embedding exists as well. Hence, in either case, 

\\dX[iA^Ao)A^]\\^, 

< C6 (^\\dX{A - Ao)\\^^ Uh^ + \\A - AolL, IMao^IIl. 

< cr(^\\d\^iA - Ao)||^, IICIIh.!,, + \\A - Aoh, UWw^^.^ 

< C8 \\A~Ao\\^yi., \\A-Ao\\i^, . 
Moreover, it foUows from Lemma |B.5| that 



d*A,ig*A-A-dAOh, < c,\\g*A-A-dAa 



A- A 



ll^llv^-... Iieil 



< Cio(l 

< cnllA-Aoll^yi.p ||A-Ao||i, . 

These two estimates imply 

\\d*A^{Ai~Ao)\\^^ <co(c8 + cii)||A-Ao||i, 
and this proves (|8l|). 

Step 2 Define the sequence A2, ^3, . . . inductively by 

Ay+\ = ffi^^i', Si' = exp(^^), 
where G gp) is chosen such that 

dAa*dAoiu = dylo*(Ao - Ay) 

and, with c = c{Aq), 

UA\w-.v <c||dX(^--^o)|Lp, lie.lUi., <c||A, -Aoll^,. 
There exist constants (5 > anrf C12 > smc/i i/iat the following holds. If 

\\A-A4^,<6 

then, for every v >1, 

\\dX{Ay - A^)\\^^ <2^-^c,\\A - A4^, , 
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- ^ollwi.p < 2coCi, 



(85) 



\dX{A^+i - Ao)\\^^ < ci2 \\A^ - AoWl, \\dAo*{A^ - ^o) 



I LP 



(86) 



For V — 1 the inequalities (|84|) a nd ( |8^') w ere established in Step 1. Let v >1 and 
assume, by induction, that (84) and (^5) have been established with v replaced 
by j G {1, . . . , We prove first that (B^) holds under these assumptions. As 
in the proof of Step 1, we have 



and 



d%,(A,+i - An) = dX^glA, -A,- cIaJ.) + d^oK^- " ^o) A f,] 



< c,s(^\\d\^{A, ~ Ao)\\^^ llf.ll^,,, + \\A, - Aoll^, lie 

< ci4 ||A, - Aolli, \\d\iA, - Ao)||^, . 



It follows from (p3[), the induction hypothesis, and Lemma B.3, that 

UjWw-., < c{Ao)\\dXMj-M\L^ 

< c'{Ao)\\A,-Ao\\^,,, 

< 2coCic'(Ao) 

for j — 1, . . . ,1/. Now we can apply Lemma |B.5| , with cq replaced by 2coCic' (Aq), 
to obtain, for some positive constant C15 = ciq{Aq, cq), 



(87) 



\d*A„ig^*A^-A^-dAj^) 



<Ci5 1 



A, -A 



LP 



<ci6\\A,~Ao\\L,\\d\^{A~Ao)\ 
where cie := c(Ao)^ci5(l + 2coCi + \\Ao — A||vi/i,p). Hence ( p6[ ) holds with C12 := 

Cl4 + C16. 

Now we prove that (|85| ) holds with 1/ r epla ced by + 1. By (^), the section 
e = satisfies the hypotheses of Lemma for j = I, . . . with co replaced 
by 2coCic'{Ao). Hence 



11^. 



A 



A, -A 



< c(Ao)ci5(l + 



H/i,P 



lie. 



J I W^.p 



|^^Ao(^J -^0)| 



LP 



for j = 1, . . . , I/. Hence, by (| 



,p <ci72-^ P-Ao| 



Li 



(88) 
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for j = 1, . . . where C17 := 2c(Ao)ci5(l + 2coCi + \\Aq - A\\wi-p)ci. If 

Ci7 II A - ^oIIl, < CqCi 

then 

P.+l -^olUi^p < 5I|I^J + 1~^J"IIwi.p + Pi-^o|Ih/i.p 

< ci7\\A-Ao\\^,+ci\\A-Ao\\^^^„ 

< 2coCi. 

This proves (|85| ) with replaced by + 1 . 

Now we shall use ( |86| ) and the induction hypothesis to prove that (^J) holds 
with ly replaced by v + 1. Since (|8^) holds for j = 1 , . . . , — 1 , we have 



ll^.-^olL, < ^P,+i-A,||i, + ||Ai-Ao|ii, 

3 = 1 

< ci8^P,+i-^,||^i„ + ||Ai-Ao||^, (89) 

3 = 1 

< (ci7Ci8 + ci)||A- Aoll^, . 

Here cis is the constant in the Sobolev embedding W^'P ^ L"^. If 



Cl2(ci7Cl8 + Ci) II A - Ao|Il9 < ^ 



then, by 



IMao(^-+i -^o)|Lp < ci2||A,-^o|li, ||dAo(^--^o)|L, 

< Ci2(ci7Ci8 + Ci) ||A - ^oIIl, ||c'ao(^'' ~ ^o)ILp 

< ^||d:4o(A^-^o)iL,. 

This proves (|8^ ) with replaced by + 1 . 
Step 3 W^e prove the theorem. 

By (|8^), the sequence A^, converges strongly in the ly^'^'-norm and the limit 
connection 

Aoo := lim A, e A^'P{P) 

y—*oo 

satisfies 

00 

Poo - Ao|l^i,p < \\Aj+i - AjW^,,^ < (ci + C17C18) P - Aoll,^!., . 
0=0 
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Moreover, by @, 



ll^oo - AoW^, < (ci + C17C18) \\A - Aollz,, 

and, by (ph. 



d*AJAoo - Aa) = lim d*.{A^ - Aq) = 0. 

Write 

A^ = hlA, K = ggig2---gu- 

Consider the identity 

dh^ = h^A^ - Ah^ (90) 
in a local frame. The right hand side of ( pO| ) is bounded in L'^ and hence h,j is 



bounded in W^ '^. Now the product inequality of Lemma B.2 with r = p shows 
that hyA^—Ahy is bounded in W^'^ and, by (|90|), is bounded in W^'^ . Hence 
hv has a subsequence, still denoted by h^,, which converges in the M^^'^-norm. 



Since Ai, converges in the ly^'^-norm it follows from Lemma B.2 with r = p 
that /i^Ajy — Ahi, converges in the VF^-^-norm. By (|90[), h^, converges in the 
W'^'P-norm. The hmit 

:= lim K e g^-^P) 

satisfies 

Aao = lim K^A = /i^v4. 
This proves the theorem. □ 
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